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Unit 1

Mathematical Ecology
Deterministic Stochastitlt
| or
P Probabilistic
Continuous Discrete

1.1 Single Species population growth

1.1.1 Malthusian Growth(Malthus)

Time dependent
variable
(sunlight)

dN
Let N (t) be the concentration of the population at the time ¢. —— is the growth rate of that population.

aN
dt
aN
N
= log N

= N(t)

=

=

dt

Growth rate per unit of concentration

b—d
birth rate — death rate

r(constant)

rIN

rdt

rt + log A
Aert

Initially, t = 0, N(t) = No. Hence, Ny = A.

Therefore,

This is Malthusian Growth equation.

N(t) = Noe'




N(b)

1.1.2 Logistic Population Growth Model

=
N(H)=Nye™
Ny =0
=0
Figure 1.1.1
dN N rN?
- <1 - K> =N

N (t) = population size at any time ¢.

r = growth rate.

K = carrying capacity of the population.

dN _ rN?
N _
dt K
dN
oz =t
rN — ¥4
dN
- —t
Z(KN — N2)
KNy
r ' N(K—-N)

K [(K- N+N

dN dt
Kxr N(K /
K 1 dN K

r K N r
1

—log N — flog(K N) =t+log A
-

1

-1 =t+logA

P BN el

logK_N:rt—HogA
N _ prt

A(K — N)

dt



N
K 1
7_1 :77’!1
- <N ) Le
K
= - =1 = -t
Nt ac
N N A
K A+et
Initially, t = 0, N = Np.
_AK
0T A1

Therefore,

NoK

K—N,
N(t) = — Mo
( ) K]X(;VO 4 et
NoK

Ny + e—rt(K — NQ)

r>0:Ast — oo, N(t) > K
r <0:Ast— oo, N(t) — 0.

N(t) N(t)

N(O=K Ngi

Figure 1.1.2



For

dN rN?
2N L —
at x Y
rN
N(r——)=
= (r 7 > 0
rIN
N=0r=—
"TK
— N=K
dN
dt
! fN-IN*= f(N)
i K
i
.III
S ,
0 K N
)
Figure 1.1.3

Logistic model is also called Verlhust Model.

1.1.3 Gompertz Growth Model

For equilibrium,

Let us substitute X = log /V.



Then,

T Na 5%
= X =dt
55 %)
1 r
1
= —glog(r —SX)=t+ SlogA
= log[AS(r — SX)5] = —t
= Aé(r — SX)é =et
1
= (r— SX)% =— et
As
= Ar—SX)=e"!
1
= (T — SX) = Ze_St
_r |
- S 5A
1 1
logN = = |r— —e 5t
= log 5 [r Ae ]
1 1
N = - - =St
= exp S(r 71° )
Ast — oo, N — e/,
1.1.4 Discrete type logistic Growth Model
ker(t—to)
We know that Nok
_ 0 R R
N(t) = No T o) [whent =0, N = Ny
Now, .
Ak Ake”
N(t) = =
(*) A+e T Aemt+1
When t = tg, then N = g o)
k Akerto
2 Aerto 41
1 Ae
2 Aerto +1
—  Ae" 41 =24
= A =1
f— e 1 e —rlo
eTto
Then,
k.e-Tto . ert k- r(t—to)
N(t) = e e e

14 e Tto.ert 1 + er(t—to)



Now,att =t + 1,
ker(t—i—l—to)

Neww = N+ = 7w

From (1.1.1),

N; + Nyem(t=t0) = fer(t—to)
— Ny =tk — N
Ny

T(t—to) —
— e 7]@‘ — Nt

Now, from (1.1.2)

ke” er(tfto)

- 1 _‘_erer(tfto)
ke" (k’]—V]tVt>
1+ (%)

_ k‘GTNt
a k — Nt + €rNt
_ k:Nter
o k + Nt(e’" — ].)

Therefore,

T kN
ok + Nt(e" — 1)

1.2 Two species population growth

+ — Predator-prey Model
— + Host-Pathogen Model
— — Competition

+ -+ Symbiosis

(1.1.2)



1.2.1 Lotka-Volterra predator-prey Model (Host-Pathogen Model)

Let H (t) be the concentration of the prey (host) population at time ¢ and P(t) be the concentration of predator

(parasite) population, then the governing equation is

(Host/Prey) % %

(Predator/Parasite) % %
where a1, as, b1, by are all positive.
a1 — growth rate pf prey in absence of predator,
b1 — predation rate,
as — death rate of predator in absence of prey,
by — conversion rate

PdH  a;—bP

=a—hp } (1.2.1)

= —a9 + b H

HdP ~ —az +boH

—ag + bo H
— _—
H
—
—

Initially, t = 0, H = Hy, P = PF,. Therefore

dH = A~ %%

b P
dP
P

—aglogH +boH =ajlogP — 1P+ ¢
b1P+bosH —aglogH —ajlogP =c

c=b1Py+ basHy — azlog Hy — a; log Py

H
R bl(P*PQ)ijQ(H*Ho) —aglogﬁ —ajlog— =0
0

P

Py

f(z)

flx)=¢e"2>0

1.3 Probabilistic Model (Stochastic)

1.3.1 Simple Birth Model

Let in the time interval ¢t — ¢+ At (At is so very small) (¢, ¢+ At), the probability of one birth is proportional
to At,i.e. AAt, A is constant. Let Py () be the probability that at time ¢, the number of individual is N. Then

Pn(t+ At) =

Py(t)[1 = ANAY + Py_1 (AN — 1)At + O(t)



Then
. Pyn(t+ At)—Pn(t) . O(At)
AT A T AV RN DEG O T

%(PN(t» = —)\NPN(t) + )\(N — l)PN_l(t)

This is called differential difference equation.
The initial conditions are P;(0) = 1, P;(0) = 0 (¢ # j). Putting N = 7 in (1.3.1), we get

d

ZP(t) = =XiPi(t) + A = 1) x 0 = —XiBy (1)

Solving the above equation, we get

Pi(t) = Ae it

Initially at t = 0, P;(0) = 1, so A = 1 and hence
Pl(t) = Mt

Putting N =7 + 1in (1.3.1), we get

S (Pa(t) = =+ )P (8) + XA
— %(B+1(t>) = —>\(Z + 1)Pi+1 (t) + )\iei)\it
— LB (1) + M+ P () = Nie M

dt

This is a linear equation and its IF (integrating factor) is e*(i+1)?,

Py (1)1 //\Z.e—xitex(iﬂ)tdtJrc

= /)\ie)‘tdt +c
At

:)\i%—l—c

So,
P ()Xt =i 4 B

Initially when ¢ = 0, P,+1(0) = 0, this implies B + i = 0 and so B = —i. Therefore,

Pi+1(t)€)\(i+1)t — ie}\t —i
— RL—i-l(t) _ ’L'B_)\(H_l)t(e)\t . 1)
—  P(t) =ie M1 — e M)

Now,

(1.3.1)



Proceeding in this way,

Piya(t) = 5
— <Z _;_ 1> e—)\it[l . e—)\t]Z
Therefore,
PN(t) — <%_ 1) efAit[l . efAt]Nfi

1.3.2 Pure Death Model

Let the probability of one death per individual in time interval (¢,¢ + At) be proportional to At, i.e. pAt,
where p is a constant.

Then
Py (t + At) = Pn(t)[1 — uNAt] + Py (8) (N + 1) At + O(At)
. Py(t+ At)—Py(t) . O(AY)
= AlzltI—I}o A7 = —uNPn(t) + p(N +1)Pnii(t) + AI%I—I:O Al
d
= S (Pn(t)) = —uNPy(t) + p(N +1)Pra(t) (1.3.2)

Initially at t = 0, P;(0) = 1 and P;(0) = O for j > 4. Putting N = 4,7 — 1,...1in (1.3.2), we get

%(pi(t)) = —piP;(t) + p(i + 1) Py (t)
— S(P(0) = —wiPit)  [since Pria(t) = 0

Solving the above equation, we get
Pi(t) = Ae~Hit

Asatt =0, P;(0) = 1,s0 A = 1 and therefore

Pz(t) = €_mt

Putting N = ¢ — 1in (1.3.2), we obtain

d . .
g Fim1(®) = —u(i = DPioa(t) + p(i = 1+ 1) Pi(t)
d .
= Pia(t) = —p(i = P () + pie
d ,
L) + (i = 1P (t) = pie



i—1)t

This is a linear equation and its L. is e*( . Therefore,

Pi_l(t)e“(i_l)t = /,uie_““e“(i_l)tdt +c

= /,uie_“tdt +c

- —ut
_ e 4B
I

= —ie "+ B

Initially at¢ = 0, P,_; = 0,s0 B — i =0, i.e., B = i. Hence,

P (£)eti=Dt = _jemhit 4 — (1 — e M)
Pi_i(t) = ie M — emH)

-
= b 1(t) = ie—uit(eut — 1)

Therefore,

Pi(t) = et
Pi_l(t) = ie_’m(e“t — 1)

Proceeding in this way, we get

! > e Mit(ert — 1)V for N < i,

i ) el (et — 1) [as @ - (ng)]

Therefore, for N < i

1.3.3 Simple Birth and Death Process

Let, in time interval (¢, t + At), the probability of one birth be proportional to At, i.e. AAt and the probability
of one death be also proportional to At, i.e. uAt. Then

PN(t + At) = PN_l(t))\(N — 1)At + PN+1(t)/L(N + 1)At + PN(t)(l — NAAt — /LNAt) + O(At)

Pn(t + At) — Py (t)

— Al%r_r}lo At = )\(N — l)PNfl(t) + ,M(N + 1)PN+1(t) — ()\ + M)NPN(t) +0
= %(PN(t)) = AN —1)Pn_1(t) + (N 4+ 1) Pny1(t) — (A + u) N Py (t)

(1.3.3)

10



Multiplying (1.3.3) by N and summing over N, we get

o0 oo
- 2
Zth (Py(t _)\ZN —1)Py_a(t) + 1Y N(N+1)Pyia(t) — (A +p) Y N2Py(t)
N=0 N=0
Rewriting this using dummy indices, we obtain

o0

(N +1)NPy(t +”Z — )NPy(t) = (A+p) Y N?Py(t)
0 N=0

V]2

d [e.9]
- > NPy(t) = A
N=0

Py()[N(N 4+ DA+ N(N — 1) — (A + p)N?

fMg EM8 >

o

Pn()[N*A+ NA+ N?u — Ny — AN? — uN?]

ol

N(A = p)Pn(t)

2
Il
o

= (A=) > NPx(t)
N=0

Taking M (N, t) = > "%_o NPn(t), we have

d

MW, 1) = (A= w)M(N,¢t)

Solving this we get
M(N,t) = AeP—m1

Initially, at t = 0, N =i and P;(0) = 1, P;(0) = 0 for j # 4. So
M(N,0) = P1(0) +2P>(0) +--- +iP;(0) +--- =

and hence A = 1.

| M(N,t) = e mt

Multiplying (1.3.3) by N? and summing over N we get

oo [e.9]

Z NQ%(PN(t)) = Z NQ(N — 1) Py_1(t) +p Z N2(N + 1) Pri1(t) — (A + p) Z NBPN(t)

N=0 N=1 N=0 N=0
=AY (N+1)°NPy(t +MZ 1)’NPy(t) = (A+p) Y N*Py(t)
N=0 N=0

=Y NPy(t)[AN® + 2NA+ A+ puN® = 2Np + p — AN? — uN?]

N=0
=Y NPy()[(A— 2N + (A + p)]
N=0
=20 —p) Y N*Py(t) + (A+p) Y NPy(t)

11



Taking Ma(N,t) = > %_q N*Pn(t), we obtain

%MQ(N t) = 2(A — p)Mo(N,t) + (X + p)M (N, t)
== %MQ(N ) — 20X — ) Ma(N,t) = (A + p)ieP—m*

This is linear and its LF. is e~ 2(A—#)t, Therefore,

My (N, £)e= 201t _Z'(/\+M)/e(/\—u)te—ﬂ)\—u)tdt

. ef(Afﬂ)t
=i\ + M)m +C

- My(N,t) = ((;_*“)) (A=wt  Ce2Omlt

Initially at ¢ = 0, N = ¢ and P;(0) = 1, P;(0) = 0 for j # 4. So
M;(N,0) = My(i,0) Z N2Py(t)

which in turn gives

2 _iA+p) OS]

i = =) +C = C +(/\—M)
. _ (>‘+M)e(,\—u)t ;2 i(A + ) 20—t
a0 = e (2 )

Var(N, 1) — A ) - n <i2 n i\ + M)) 200t 2 20wt

(A=n) (A=n)
i+ 1) o —p)t
— Weu ) (60 ) _1)

Recall the equation (1.3.3)

(P (1)) = ~(\+ WINP(t) + AN — 1Py (6) + (N +1) P (1)

To solve this equation, we introduce a function known as generating function ¢(z, t), defined as
[ee]
N=0

Multiplying (1.3.3) by 2"V and summing over N, we get

> szi =+ ) S NNPy() + AN NV - Pyt i Y 2N (N + 1) Py (1)
N=0 N=0 N=0 N=0

(1.3.5)

12



From (1.3.4) we can derive that

N=0
a [ee]
5, 0(1) = > NPy (t)
N=0
= zgqb(z t) = i NzNPy(t)
0z foart N

Therefore, from (1.3.5), we get

0 0 0 0
agb(za t) = _()‘ + H)Zaqb(zv t) + )‘Z2£¢(27 t) + MZ@(b(Z, t)

0 0

— a—f:a—f[)\z2—)\z—uz+u]
5] 15)

= Pz -1)=0

This is first order PDE. The auxiliary equations are

dt dz dg

1 (z=1D)MAz—p) 0

Solving we get, ¢ = C; (constant),

g — dz _ A dz
=Dz —p) |z—1 Xx—p] A—up

Integrating both sides,

— (A=)t =log(z — 1) —log(Az — u) + log A

-1
= —(A—p)t=Ilog z +log A
Az —
—_ = L Be~ (At
Az —p
. p_2=1 oo
Az —
1 = Az
C=_— — (A—p)t
- B 1—=z2
The general solution is
—A
(1) = f <“ — je—“—”ﬁ) (13.6)

where f is an arbitrary function.
Again

Putting t = 0, N = i, we obtain



Now from (1.3.6),

Thus 2° = f(&) where

So we get

Therefore,

_ H— Az
£= 1-=2
§—8z=p—Az
— A= =p—¢
POk R
A— —A

$(z2,1)

[‘ﬁffe““)t - u]i

ul—_>;2 e— (A=t _ )

(b= Az)e” A1 — (1 — 2)
(i — Az)e=(A=mt — X(1 — 2)

14
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Unit 2

2.1 Two species population growth

+ —  Predator-prey Model
— 4+ Host-Pathogen Model
— — Competition

+ + Symbiosis

2.1.1 Lotka-Volterra predator-prey Model (Host-Pathogen Model)

Let H (t) be the concentration of the prey (host) population at time ¢ and P(t) be the concentration of predator
(parasite) population, then the governing equation is

1dH  _
(Host/Prey) =a1 —bP } (2.1.1)

H qt
(Predator/Parasite) % A2 — gy + byH

where a1, as, b1, by are all positive.

a1 — growth rate pf prey in absence of predator,
b1 — predation rate,

as — death rate of predator in absence of prey,
by — conversion rate

PdH _ ai—biP
HdP —as+bH
—ag + boH b P

al —
H P

— —aglogH +bH =ajlogP —b01P+c
= b P+bH—aslogH —ajlogP =c¢

Initially, t = 0, H = Hy, P = P,. Therefore

Cc = blpo + sz() — as log Ho — al log PO

H P
- bl(P—P(]) +b2(H—H0) —aglog— —ajlog— =0
Hy F,
H a P al
= log(— ) +log|—= ) +bi(P—Fy)+b(H—-Hp) =0
Hy Py

— (g))@ <£;>al = Exp[b1(P — Ry) + b2(H — Hy))]

15



eyer - dH __ dP __
For equilibrium, we have G =0, =0. So,

H(al—blP):O and P(—a2+b2H):0
— H=0P =" and P=0 H*=%
bl b2

Stability

V(H, P) _ I:al — blp —blH 0 —blH ]

by P —m+@4’ WHJ”:&f* 0

The characteristic equation of V' (H*, P*) is (for interior equilibrium)

00—\ —bH*
boP* 00—\
A+ by H*P* =0

as Qaq
N by — - — =
+ 0102 by b

A2 +ajas =0

A= iz\/alag

=0

Ll

Stability by Perturbation Method

Let H= H* + hand P = P* 4 p where h, p > 0 and are so small such that their powers and products can
be neglected. Then

dh
dt

al(H* +h) — bl(H* +h)(P* —i—p)
=a H* +a h —bH*P* — bjhP* — byH*p — bihp
= alh — bth* — b1H*p

a a
:am—bmwé—hm-i
_agbip

bo
and  — = —az(P* +p) + bo(H" + h)(P* + p)

dt
= —aoP* — aop + boH*P* + boH p + bo P*h + bohp

= —agp + byH*p + by P*h

a
=—a2p+b2p-£+52h-
2

b
albgh
b1

a

b1

Then

NS

dp aibsh a1b3

16



which gives a1b3hdh + azb¥pdp = 0. Integrating we get

h2 p2
2 2
a1b2? + a2b1? =A
h2 p2
> o T aa =1
albg azb%

This is an equation of ellipse and so the phase plane is elliptic. Therefore, the system is stable at (H*, P*).
2.1.2 Gauss Competition Model

1 dN
Ny dt
1 dNs

—_—— =1y — Ny — N- 2.1.3
N, di r9 — a1 N1 — agaNo ( )

=71 —a11Ny — a1aNo (2.1.2)

Ny (t), No(t) — Two competing species,

r1 — growth rate of Ny,

ro — growth rate of Na,

a11, azz — Intra species competition coefficient,
a12, a1 — Inter species competition coefficient,
a12 — Effect of competition of Na on Vq,

ag1 — Effect of competition of N; on Nos.

Equilibria

ANy dNy
o Y g T

= 11 —a1nN1 —a12N2 =0, ro —ag1 Ny —axNs =0
=  a11 N1 +a12N2 =11, a1 N1 + aNz =ry

Solving these two equations, we get

Ny Ny 1

2271 — Q1272 a1172 — G217 a11G22 — a12G2]1

Therefore, we get the solution

2271 — A1272 a1172 — a2171
a11G22 — a12a21 a11G22 — a12a21

Now a11 N1 + a12No = r1 and az1 N1 + ageNo = ro can be expressed as

N1 Ny
ot =1
ail alz
N1 Ny
ot =1
a1 a2

17



Stability

Let Ny = N{ + n1, No = N3 where n; is so small such that the square and higher powers can be neglected.
Then from (2.1.2) we get

dn1
i r1(N} +n1) — a1 (N} +n1)? — a1aN3 (NT +nq)
2
= (Tle — alle — alngNQ*) +ring — 20,11an1 — ann% — aunlN;
=7riny — 2(111an1 — CL12TL1]\73<
= nl(rl — allNl* — algNg) — annlNl*
= —annlNl*
dn
71 = —CLHNfdt
ny
Integrating we get
logn; = —ay Nit +logA = ng = Ae it

We can observe that n; — 0 as t — oo. Therefore, (N}, N3) is stable.

Stability of equilibrium solution of Gauss’s equation

Recall (2.1.2) and (2.1.3)

1 dNy
— 2 — Ny — aa N
Ny ar b eunhn el
1 dNs
2 — 4Ny — anN
Ny at 2T eahi—anly
and (N7, N3 ) being the solution of % =0, % = 0 satisfy

* *

T — allNl — a12N2 = 0,
* *

To — CL21N1 — aggNQ =0

Now let Ny = N{ + ny and No = N3 + ng where nq,n2 > 0 and are so small such that their powers and
products can be neglected. Then from (2.1.2) we get

dn1
* * 2 * *
g = VT A+ n1) = an (N7 +n1)” = arz(Ny +n1)(Ng + n2)
* x2 * Nk * 2 * *
= (T‘lNl — CLHNl — a12N1 NZ) + rny — 2&11N1 ny —ainy — a12n1N2 — algngNl — aipning
* * *
=riny — 2@11N1 ny — CL127L1N2 — algngNl
* * * *
=nq(r1 —an Ny — a12N3) — a11ni NY — ajona Ny

= —(a11ny + a1an2) Ny
and from (2.1.3) we obtain

d’I’LQ
* * * * 2
i r2(N3 4+ ng) — az (N] + n1)(Ng + n2) — aza(N3 + ng)
* * NT* *2 * * * 2
= (TQNQ — CL21N1 N2 — a22N2 ) “+ rong — 2&22]\72 no — a21n1N2 — a21n2N1 — 22Ny
* * *
= ToNng — 2&22N2 no — a21n1N2 — a21n2N1
* * * *
= na(ry — ag1 N7 — a2 Ny ) — a2ana Ny — azni Ny

= —(agng —azini)Ny

18



We can represent these values of dd% and % as

i nyy\ —aan —algNl* ni
dt \n2) \—aa Ny —axN;) \ng
Thus we have got a matrix equation

d _ * *
—N =AN  where A= aHN{k alzN}k N = "
dt —a1 Ny  —axN; 72

Now the eigen value equation of the matrix A is Av; = A\jv; where A;’s and v;’s (for [ = 1, 2) are the eigen
values and eigen vectors of A respectively.
Let N = >, vjet, then

dN A
R — it At At
pra Zvl)\le = ZAvle = AZvle
l l l
Therefore, N =, veMt is a solution of the matrix equation. Now

— At — n — v, At
A Zz:vle <”2> =2 <%> ‘

l
ny = Zvlle’\lt and no = vae)‘lt
l !
Let \; = (Re \;) + i(Im J\;), then

ny = Z v, e RN [cos (Im Ap)t + isin (Im X;)t]
l

So, if Re (A;) < 0 forl = 1,2, then ny,ny — 0 as ¢t — oo. In this case we have stable equilibrium.

2.2 Several species populations

Let N;(t), fori = 1,2, ..., n, be the number of individuals of the i-th species, then the general Lotka-Volterra
type model for n-species population is given by

dN
= k;N; — Z ;i N;N;
,j=1

= ki N; — aiiN, Z ;i N;N;

,j=1
i#]
N; =
= k‘zNz (1 — k:) - Z Oél'jNiNj
i ij=1
i#]

where K is the growth rate of the i-th species, o; is a self-interaction parameter for the i-th species, «;; is the
interaction parameter denoting the effect of j-th species on the i-th species and (f—’ is the carrying capacity.
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Equilibrium is given by

dN;
dt

n
= kN; — Z OéijNiNj =0
i,j=1

n
— k‘z = ZQUN; =0

=0

This can be written as
AN =K = N=A"'K (provided |A| #0)

where
a1l Qp2 o Qg k1 Ny
Qo1 2 Qo ko N3
A= , K=1] . and N = .
Qpl1 QR -+ Opp kny, N;
Stability Analysis

Let N; = N + x;, fori = 1,2,...,n, where z;’s are so small such that their powers and products can be

neglected.

dN = k;iN; — Z%NN

i,j=1
d * * = * *
= (N i) = k(N +rcz>—”§_jlaij(Ni +a;) (N} + )

dxi * - *
= = (N7 )k - > (N + ;)]
j=1

Since, at equilibrium,

n
z : *
=1

we have
dz;
dtl (N7 + i) ( Z Qi)
=—N; Z%‘%‘ = Zﬁij%‘
Jj=1 Jj=1
where 3;; = —N; ;. In matrix notation
dX
— = BX
dt

20



where

fu1 Pz 0 P
Ba1 Pz -0 P
B=|_ '
/Bnl ﬁn2 T /Bnn
Using the eigen equation Bv; = \;v;, we get that a solution of the matrix equation is given by
I vl
X = Zvle)"t = : = Z : eMit
l T U\,

Therefore, 7; = >, v,e’. Putting A, = (Re \;) + i(Im \;), we get

T = Z vlie(Re M)t [cos (Im \;)t + isin (Im \;)¢]
l

» If Re()\;) < O forall /, then z; — 0 as ¢ — oo and stability arise.
 If Re()\;) > O for all /, then zz; — oo as ¢ — oo and the system is unstable.

« If Re(\;) < O for all [ except I = m, then x; — vy, e® )t [cos (Im A, )t +isin (Im \y,)t] as
t — oo and the system is unstable.

For i # j,
(i) a;; >0 = Competition
(il)) a;; <0 = Symbiosis
(iii) o;j = —a; = Prey-predator
2.2.1 Stability of Gompertz growth model for n-species
Let us consider the model equation described by

1 dN; ~
N, dt :ki_;aijln%

This model can be solved by putting In N; = z;. Then

dl’i 1 le o -
a N, dt kz—j;azﬂfj
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Units 3 & 4

3.1 Leslie-Gower Predator-Prey Model

The dynamic relationship between predators and preys has long been and will continue to be one of the
dominant themes due to its universal existence and importance. Leslie introduced the following two species
Leslie-Gower predator-prey model:

{x’(t) = (r1 — i)z — p(x)y 3.1.1)

y(t) = (ro — &)y

where x(t), y(t) are population density of the prey and predator at time ¢ respectively, r1, ro are the intrinsic
growth rates of prey and predator respectively, by measures the strength of competition among individuals
of species =z, % is the carrying capacity of the prey in the absence of the predator. The predator consumes
the prey according to the functional response p(x) and grows logistically with growth rate ro and carrying
capacity % proportional to the population size of the prey.

ap is measure of the food quantity that the prey provides and converted to predator birth. The term ¥ is the

Leslie-Gower term which measures the loss in the predator population due to rarity of its favourite food.

3.2 Modified Leslie-Gower and Holling type-II schemes

z(t) = (r1 — bz — ﬁfé) x,

9(t) = (r2— 24 ) v
with £(0) > 0 and y(0) > 0, where ry, b1, 72, a2 have the same meaning as in the system (3.1.1), a; is

the maximum value which per capita reduction rate of = can attain and k1, ko measure the extent to which
environment provides protection to prey x and predator y respectively.

3.2.1)

3.2.1 Global stability

We shall prove the global stability of system (3.2.1) by constructing a suitable Lyapunov function. First of all,
it is verify that the system (3.2.1) has three trivial equilibria Eo = (0,0), By = (ﬁ 0) and By — (o ’“2’“2).

) Tag

Theorem 3.2.1. Let us assume the following condition:

roke  rik1

a2 a

Then the system (3.2.1) has a unique interior equilibrium E*(z*, y*) (that is, z* > 0 and y* > 0).
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Proof. From system (3.2.1), such a point satisfies

(r1 —bix™)(x™ + k1) = a1y” (3.2.2)
yr = T2t k) (3.2.3)
a

Now

arra(z* + ka)
as

2
rmx* —biz* +rik — bkt =

2
— — agbll‘* + (Tlag — blk‘lag — alrg)x* + a27“1k1 — CL1T2]€2 =0

- a2b1$*2 + (alrg —riaz + blk‘lag)x* + CLl’I“Qk‘Q — agrlk‘l =0

Solving the above equation we get

1

Sagp; ((01m2 — 102+ bikyag) £ A7)

=
where
A = (alrQ — r1a9 + b1k1a2)2 — 4&2[)1(&17’2]@ — agT’lkl)

Clearly A is non-negative if % < % holds. Moreover, simple algebraic calculations show that under our
assumed condition z”, > 0 and 2* < 0. Therefore, the system (3.2.1) possesses a unique interior equilibrium
E*(z*,y*) given by

1

¥ = Dbt (—(a1re — ria9 + bikiag) + A%)
« ro(x* + ko
ol k)
a
O
Linear analysis of model (3.2.1) shows that if r; < 7o and k1 > ko, then E*(z*, y*) is locally stable.
Theorem 3.2.2. The interior equilibrium E*(x*, y*) is globally asymptotically stable if
k
L < 2% (3.2.4)
2a1
k1 < 2ko (3.2.5)
4(T1 + b1k+1) < aq (3.2.6)
where .
L, = (agri(r1 +4) 4 (re 4+ 1)2(r1 + biks)).
4a2b1

Proof. The proof is based on a positive definite Lyapunov function. Let V (z,y) = Vi(z,y) + Va(x, y) where

Vi(z,y) = (=" + k1) (3: —2" —2%In <£)>

:L‘*

a2
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This function is defined and continuous on Int (Ri) It can be easily verified that the function V' (z, y) is zero

at equilibrium (z*, y*) and is positive for all other positive values of = and y, and thus E*(z*, y*) is the global
minimum of V.

The time derivative of V; along the solution of system (3.2.1) is

dvi  (x* + k1) (z —2) ary
dt z mehe e )"

and using (3.2.2), we get

dV ary* a1y
— = (" +k — ") | =bi(x — ) + -
dt (@ )@ =) < 1@ = a7) ¢ +k x+ ki

= (2% + k1)(z — z*¥) (—bl(a: —z) + ay’ (@ + k1) —ary(a” + kl))
(

(:L’ + kl)(x* + kl)
—arki(y — y*) — a1z(y — y*) + ary(x — x*))

= (2" + k1)(z — z¥) (z + k1) (z* + ky)

—bl(.%‘ — l‘*) +

Similarly,

dVe _ai(@” +k)(y—y") [ azy
dt a2y 2 xr 4+ /62
and we use (3.2.3) to get

aVa  ai(x” +k2 azy
dt x* +k:2 T+ ko
agy*(x + ko) — y(a* + kz))
— + ko)
ar(@” + k) ( T+ ko) (@ + ka)

- (y y*) — 2y — y*) +ylz —z¥)
= a1(z" + k2)(y — y)< (x4 ko) (z* + k2) )

Now, computing ; d with the help of dV1 and dV2 yields

dV a1y 9 a1y 9
— = -bi(z"+k —z" — -2y —y*) — —y*)* (3.2.7
o= (cnl k) oo (—a s ) a0 - a0 629
The above equation can be written as
Y _xtmx
dt
where
M = <_g($7y) —h(l',y)) and X = (x_w*)7
—h(z,y) @ y—y
* ary
=-b k
9(z,y) (2" + 1)+x+k1
1 ary
h =—|-
(‘T’y) 2( al+l‘+k’2>

From (3.2.7), it is obvious that Cgt/ < 0 if the matrix M is positive definite. Now from Sylvester’s crite-
ria we know that a matrix is positive definite if and only if all of its upper-left submatrices are of positive
determinants. Here, since a1 > 0, M is positive definite if and only if
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(i) g(x,y) < 0and

(i) ¢(z,y) = —arg(z,y) — h*(z,y) < 0.

Proof of (i):
ay
=—bi(z*+k
g9(z,y) (2" + k1) + e
ary” a1y :
= — 322
Tl+m*+k1+w+k1 [using ( )]

Let A be the set defined by

.A:{(x,y)G]Ra_: 0§$§2,0§x+y§L1}

where L is as previously defined. Then A is positively invariant and all solutions of (3.2.1) initiating in Ri
are ultimately bounded with respect to Ri and eventually enter the attracting set A.

So, as A is an attracting positively invariant set and in .A, all solutions satisfy 0 < z < % and0 <z+y <
L+, then

al % 2a1L1
_ < —
™ (y+y") <—r + "

Therefore, if (3.2.4) holds, then for all (z,y) € A, g(x,y) < 0 forall ¢t > 0.

g(z,y) < —r1 +

Proof of (ii):
2
. ary 1 ary
= _ —b k B
o(z,y) a1< 1(z" + 1)+x+k1> 4< a1+m+k2)
Then
Od(w,y) _ —ai 1 ( —ai _ ajy
8:1/ _.ZC-‘rkl 2 \x+ ko (1‘4—]62)2 ’
82 2
d)(x,y) — _ ay <0
oy? 2(x + ko)?
Hence %z’y) is strictly decreasing in R with respect to y.
Now,

0¢(z,y) —a? a? a?(—z — 2ky + k1)

Ay o Tk 2@ +k2) 2z +ki)(x+ k)
Consequently, if (3.2.5) holds,

0
By _,
oy =0
in Ry and so ¢(z,y) is strictly decreasing in R . This yields, for (z,y) € A,
¥ 1
Pz, y) < arbi(a* + k1) — Za%

As 0 < z* < 3, then ¢(z,y) < ai(r1 + biki — (1/4)aq), and finally due to (3.2.6), for all (z,y) € A, we

get p(z,y) <O0.
It follows that if the hypothesis of (3.2.4), (3.2.5) and (3.2.6) are satisfied, then % < 0 along all trajectories

in the first quadrant except (x*, y*), so that E*(x*, y*) is globally asymptotically stable. O
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Units 5& 6

5.1 Epidemic Models

A basic epidemic model can be used to understand the dynamics of epidemic. We will separate the population
into three classes determined by the state of individual relative to the diseases.

Those who do not have the disease and can potentially get the disease are called susceptible.
Individuals who can infect others are called infective.
Individuals who have either died or recovered and no longer can infect the others are called recovered.

Possible transmission is as follows:

Susceptible disease, Mnfected | 20 red, Recovered
(S) O ? (R)

Fig: Compartmental model

S(t),I(t) and R(t) represent the number of individuals in the susceptible, infected and recovered class
respectively.

We assume that there is no immigration or size emigration to the total population (IV), that is,
S+ 1+ R = constant = N
Let 5 be the transmission rate. We assume that the rate of infection is 8517, that is, the product of susceptible

and infected individuals with the transmission rate. The removal rate is assumed to be constant. Based on
these we can write the model as:

43 = —BSI
Kermack-McKendrick model % = BSI —~I ( S-I-R model)
it _ 1
a — 7
or,

dS

— = —p81 1

7 BST 4~

dI

pri BST —~I ( S-1-S model)
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Epidemic will persists until:

dl

E>O
(8BS — 7)1 >0
= pBS—-v>0
5520
v
Initially S = NN and let
N
7 N
i

Ry is called the basic reproduction number. Then from the above equations we can deduce that
if Ry > 1, the disease will persist,
if Ry < 1, the disease will die out.

We see that there is maximum size of population in which there can be an epidemic, so for an epidemic we

must have

~
N> —
B
Now from the S-I-R model, we get
dl ¥
- - 14+ L
as * 39
— dar=(-1+ L
BS

— I:%mS—S+MC

Initially 7 = 0,5 = N, so

0:%MN—N+mC

Therefore,
It)=TIms—5+N-TmnN
B B

_ S _
_5mN+W S) (5.1.1)

When I = 0, we get that the transcendental equation

_ S _
O—BmNA%N S) (5.1.2)

We can not easily solve the equation (5.1.2). We see that the right hand side of (5.1.2) is zero when S = N
and approaches negative infinity as S — 0. Thus the other value of S must be much greater than zero.
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5.2 S-E-I-R Model

s ST

E—,U,N—,BCW—MS
%zﬁc%%oﬂt)E
%ZJE—(%LM)I
%sz—uR

S+ E+ I+ R = constant = N — total population size

1 — birth and death rate

(8 — transmission rate

¢ — compartmental constant

o — transmission rate from exposed to infected class

~ — recovery rate
Since, S+ E+ I+ R = constant, the last equation is redundant. Hence, we try to solve the first three equations
and find (S*, E*, I*).

For endemic equilibrium

dl
E—O = oE"—(y+pu)I*=0
. g Emr
g
dE S*I* .
N BCSI _ o+ p)(v+p)
N o
N
. g Nletp+u
Beco
ds S*I*
B N = *
o 0 = u ﬂcN + uS
pN- — Be,
|
— =t
« N (uN
— Bc(S* )
Now I* > 0 implies
Nu (N
“El=-1)>0
e (S* >>
N
——1>0
— S*
. Negr o Net+pb+p
Beco

Beco
(0 + )y +p) >
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Therefore,

R = Beo

(0 +w)(y+np)
Stable if Ry < 1 + (S,0,0) — disease free,

Stable if R+ 0 > 1 < (S*, E*, I*) — endemic equilibrium

For the S-E-I-R Model, we have

ds ST

¢ = HN = e —pS = fi(S, E, 1)
dE ST

— = BeS — (0 + WE = fo(S. B 1)
dI

Stability

For stability, consider the variational matrix

ofi 9h  Ofi [_ Bel* _ 0 _BeS™
a5 9E ol N T H N
d d afs | _ * S
%% %= e &
¥ o Lo o —(v+n)
F pN 0 _ BesS*
S* N
= |5 —o+n %
| 0 o —(v+
N I* N
[Since,]*—6< ) B]CV _H:_[‘;*
The characteristic equation is
N BeS*
0 s
,6’[ BeS* _
; —(o+p)—A o =0
—(v+u) = A
BeS*o BeS* opcl*
—AH{- — A} = — =
( )[ (@ +p) = AH{=(r+p) = A} = — ¥~ N 0
BeS*o o2t S I*
— (42 [t A (a4 ap - PR - PR
BeS*o o228 I*
20\ + A2 — =
( >{a+u (Y +u)+ (v +o+2u)A+ N | T e 0
ulN N cS*
:>)\3+{(’y+0+2,u) S*])\Q {(a—i—u)(”y—l—u)—i-/;*(’y+a+2u)—ﬁNU])\
N 225 I
+ﬁg (U+u)(7+u)—ﬁcou+aﬁ]€\[2}=0
By Routh Hurwitz criteria for stability, we get
N
(7+0+2u)+l;,* >0
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and

uN

2 .2 Q* T*
JBCSI>
S

N2 0
uN oBe [ BeStI*
— @(04—#)(74‘,@ —500111—1—T (NQ >0

Beo

(0 +p)(v+n) — Beop +

= fBeop — Beop + U—BC(MN —pS*) >0

N
oBcuS*
N >0
ofBcp N(o + p)(y + p)
N Beco
= Beop — plo +p)(y+p) >0
P
(o + )y +np)

= Beop —

= fBeou — >0

Therefore, Ry > 1 is the criteria for stability.

5.3

Eco-epidemic Model

Let us consider a prey-predator model with infection prey population.
Assumptions:

1.
2.
3.

The total population density of prey is /V.
The population density of predator is F'.

In the absence of disease, the prey population follows logistic growth, that is,

dN N
W (1 _ K) (5.3.1)

In the presence of disease, the prey population is divided into two groups: susceptible prey () and
infected prey (U).

. Only the susceptible preys are capable of reproducing with logistic law

i =al? (1 - R)
dt K (5.3.2)

— aR—bR® where b=
aR R where %

The disease is only spreading among preys.

. A susceptible prey becomes infected under the attacks of many viruses. The attacking rate as well as

predation rate follows the law of mass-action.

Considering the above assumptions we can write the system as:

d
Susceptible prey d—]f =aR—bR?>—c¢FR—AUR = f1(R,U,F)

d
Infected prey d—(t] =ANUR—-dUF —eU = fo(R,U, F)

Predator C;—f =cFR+dUF — fF = f3(R,U, F)
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¢ — predation rate,

A — rate of infection,

e — death rate of infected prey,
f — death rate of predator.

The types of equilibrium points are
* (R,0,0)
* (R,U,0) — predator-free equilibrium,

R,0, F') — disease-free prey predator equilibrium,

(
(
(
* (

R,U, F) — interior equilibrium

For equilibrium,

%:o — aR—bR>—-¢FR—AUR=0
— a—bR—cF - )\U=0
= |bR+ AU +cF =a (5.3.3)
%:0 = ANJR—dUF —eU =0
= AMR—dF —e=0
= [AR+0U —dF = ¢| (5.3.4)
dF
—- =0 = cFR+dUF - fF =0

— [cR+dU +0F = f] (5.3.5)

Now from (5.3.3), (5.3.4) and (5.3.5) applying Cramer’s rule, we get

b A ¢
A=|X 0 —d|; detA=0bd?— \ed+ erd = bd?,
c d 0
a A ¢
Ai=|e 0 —d|; detA; =ad® - \fd+ ced = d(ad + ce — f))
fd 0
s (ad+ce— fN)
(= bd
b a c
Ay=| X e —d]|; detAy=bdf —acd+ cAf —ce* = f(bd + \c) — c(ad + ce)
c f 0
' U*_f(bd+)\c)—c(ad+ce)
1T bd?
b A a
Az =X 0 e|; detAs=—bde—N\f+ Ace+ald = A ad — \f) + e(Ac — bd)
c d f
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Aad — Af) + e(Ac — bd)
bd?

=

(R*,U*, F*) as determined above gives the interior equilibrium.

Stability

The variational matrix is

of1
OR

of2
dR

9fs
oR

oh
U

ofr
U

ofs
U

of1
oF

Of2
OF
Ofs

oF

The characteristic equation is

—bR* — 1

I

AU*

cF*

—AR*

0—p
dF*

(@ — 2bR* — cF* — \U* —\R* —cR*
AU* AR* — dF* — e —dU*
cF* dF* cR* +dU* — f

[—bR* —AR* —cR*
AU* 0 —dU*|  [using (5.3.3), (5.3.4) and (5.3.5)]
| cF* dF* 0

—cR*
—dU*| =0
0—p

(=bR* — p)(p? + d2F*U*) + AR*(=AU* i + cdU*F*) — cR*(A\U*dF* + c¢F* i) = 0
(bR* 4 p) (42 + 2F*U*) + AR*(A\U* 11 — cdU*F*) + cR*(\U*dF* 4 ¢F*p) = 0
13+ bR 2 + P F U+ bd?R*F*U* + (N R*U* + AR F*)u =0

12+ p2(bRY) + p(d*F*U* + XR*U* + PR F*) + bd>R* F*U* = 0

Comparing the equation with 2 + ajp? + agp + a3 = 0, we have a; = bR* > 0, a3 = d*F*U*bR* > 0 and
aray — a3 = bR*(A*F*U* + N2 R*U* + 2R*F*) — bd*R*F*U* = bR*(N*R*U* + *R*F*) > 0

Hence by Routh Hurwitz criteria, the characteristic equation has roots with negative real parts and so the
interior equilibrium (R*, U*, F™*) is stable.

Stability for (R,U,0)

a—2R—\NU —AR —cR
J(R,U,0) = AU AR — e —dU
0 0 cR+dU-f

M=cR+dU - f
(a—2bR — AU —¥)(AR — e —7) + \>RU =0

Ll

Y24+ 4(2bR+ AU —a+e— AR) + (AR — €)(a — 2bR — AU) + A’RU =0
724+ 4(26R+ AU —a+ e — AR) + (AR — €)(a — 2bR) — N2RU + AeU 4+ ARU =0
Y24+ 4(2bR+ AU —a+ e — AR) + (AR — €)(a — 2bR) + \eU = 0

cR+dU — f <0
2R+ AU —a+e—AR>0 (5.3.6)
(AR —e)(a — 2bR) + XeU >0

If the three conditions in (5.3.6) hold, then the roots will have negative real parts and so (R, U, 0) will be
stable. Otherwise, it is unstable.
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5.4 Horizontal and Vertical Transmission

Horizontal: From one individual to another in the same generation. This kind of transmission can occur
by direct contact (licking, touching, biting) or indirect contact (by vectors).

Vertical: Passing a disease vertically from parent to offspring. Typically mother transmits the disease by
means of bodily fluid, breast milk.

5.5 Ratio dependent prey predator model

The classical model, prey dependent prey predator model, Michaelis-Menten (chemical-kinetics) functional
response and logistic growth in the prey population.

dN N N
o =rN(1—K>—:1NP} 551
dP _ mNP 5.
dat T ZL+N —dp
N(t) and P(t) be the concentration of prey and predator population respectively.
Based on the ratio dependent theory, system (5.5.1) can be written as
dN N NP
& v (-)- p .
dP _ amNP dP o
dt N+aP
a is conversion rate and IV + a P is prey-predator dependence concentration.
For equilibrium,
dN N mN P
—_— = N{l—-—=]—- =
@0 = ( K) NtaP
N mP
= l-—=|——=——=5=0
" < K) N +aP
N mP
1—— ) =—"_ 5.
== 7 < K) N1 aP (5.5.3)
dP amNP
— =0 = —dP =0
dt N +aP
mP
“ <N + aP)
N
= ar <1 — > N =dP (5.5.4)
K
Dividing (5.5.4) by (5.5.3) we get
dP
alN = mP
N+aP
d(N + aP
m

= amN =dN + adP

. |p_ (am—d)N
ad
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Putting this value of P in (5.5.4) we get

— K a
N 1ig:am—d
K aqr
N Ezl_am—d
K aqr
= N

and P* = (O”Zd_d) N* gives

. <K<QZZ— d)> <1 } on:o; d>

(N*, P*) as determined above gives the interior equilibrium.

Stability

dN N mN P
—=rN{(l1——=) — = N, P
a ( K) Niap ~ 1P
dP  amNP
= —dP = N, P
dt ~ N+aP f2(N, P)
Consider the variational matrix
- N* * P* N*P* N* N*P*
r(1=) + N (%) — 5%ap + (N“4aP )2~ NedaP® — (N GaP )
amP*  _amN*P* amN* _ aamN*P* d
L N*+aP*  (N*+aP*)? N*+aP*  (N*+aP*)?
[ N+ 4 _mN*P* ___mN*®
_ K (N*+aP~*)? (N*4aP*)?
aamP*’ amN*° —d
(N*+ap*)2 (N*+CLP*)2
i *px _ rN* o #2
_ AN*P oK éN let A — m
aaP* A aN*"A—d (N* + aP*)?
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The characteristic equation is

AN*P* — TNT ) —ANT |
aozP*2A ozN*2A—d—)\ -
N (AN*P* — Tﬁ — A) (aN*2A —d- A) +aaA?PPN* =0

— qA2N* P* — JAN*P* —

raN* A n rdN* L rN*
K K K
+ 22 4 aaA2PY N =

— AN*P* —aN* A+ d>

rN*
K

— A2\ ( — AN*P* — aN*2A+d)

raN* A n rdN*
K K

+ <aA2N*3P* — dAN*P* — + aaAQP*2N*2) -0

The equilibrium point (N*, P*) is stable (that is, the roots of the characteristic equation have negative real
parts) if the following conditions are satisfied:

PNT ANTP _aNTALd> 0

K

rN* . ok 2
— (K +d)>(ANP +aN A)

and

raN*A  rdN*

QA2N* P* — dAN*P* — + aaA2P¥ N* >0

X K
dAN* N*° A
— <aA2N*3P* L ey aaAQP*QN*2> > <dAN*P* + ’"O‘K>
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Units 7 & 8

7.1 Delay-Differential Equation

7.1.1 Delay-Population Model

Let us assume that, the rate at which a population is growing at time ¢ depends on the magnitude of the
population at the same time. For example, Mathusian population growth

dN (t)
dt

= rN(t), N(0)=No. (7.1.1)

Now, if we know that, present growth rate depends not on the present magnitude but on the magnitude of
earlier time. For example, the present growth rate of a family of flies depends not on the number of flies right
now but rather on the number of flies laying a certain number of eggs a week ago. In this case,

dN(t)
T rN(t—7) (7.1.2)

where T is the average incubation period of the egg is a time delay or time lag.

7.1.2 Types of Delay-differential equation

Discrete delay-differential equation

Cc% =riz(t) + rox(t — 1) (7.1.3)
where 71, 79 are constants.
dx(t) x(t—1)
= 1 —_——_—
o r(t) { e

when z* is the carrying capacity.

Continuous or Distributed delay-differential equation

For distributed time delay, the logic equation becomes

dflit) = ra(t) [1 - xi / ; K(t —7)z(r)dr (7.1.4)

which is the example of integro-differential equation. The function K (¢t — 7) is called delay-kernel.
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7.1.3 Discrete time delay model

Let us consider a model equation of the form

dx(t
za):wmogx@—fn (7.1.5)
x(t—7) - . . .
where g(x(t — 7)) = 1 — ————=. An equilibrium point of equation (7.1.5) is the value of x* such that
x

z(t)g(z(t — 7)) =0
= a"g(z*) =0.

Therefore, the logistic delay equation has two equilibrium points, z = 0 and x = z*.

Theorem 7.1.1. If all the solutions of the equation

du(t)
dt

= 7 [g(a")u(t) +2"¢/ (" )ult — 7)]

tends to zero as t — oo, then every solution z(t) of equation (7.1.5) with |z(t) — x*| sufficiently small tend
to the equilibrium point z* as ¢ — oo.

7.1.4 Asymptotic Stability

For the differential equation

dx(t
Zi) = 2g(z) (7.1.6)
which in this case 7 = 0 and the equilibrium point z* is said to be asymptotically stable if and only if
d * * *
T (xg(x)) ‘x:x* =g (z") + 2% (=) < 0. (7.1.7)

Therefore, the equilibrium x* = 0 is asymptotically stable if g(0) < 0 and =* > 0 is asymptotically stable if
g'(x*) <0.
d
a. For 2* = 0, & rg(0)u(t). Since, g(0) = 1 > 0. Therefore, the equilibrium point z* = 0 is

dt
unstable.

b. For equilibrium 2* > 0,

g(z") =0
' (t) = ra*g (x*)u(t — 1)
= rbu(t — 7). [where, b = 2*¢'(z*)] (7.1.8)

In order to determine whether all the solutions of the linear differential equation tends to zero as t — oo,
we take a solution of the form

At

u(t) = ce™ (c isaconstant).

Putting this in (7.1.8),

eheM = pbeet=7)
= MeM =rpheM.e N

= A=rbe . (7.1.9)
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This is transcendental equation for 7 having infinitely many roots.

We assume that, if all the characteristic roots of equation (7.1.9) have negative real parts, then all
solutions of the equation (7.1.8) tend to zero as ¢ — oo. In the delay case with 7 > 0, it is possible to
show that the condition that all roots of the characteristic equation (7.1.9) have negative real part is

0 < —rbr < g (7.1.10)

The condition (7.1.10) implies that b < 0 and in addition to that, time lag (delay) not to be too

large. Combining the analysis with the above theorem, we see that, an equilibrium point * > 0 of

dz(t)
dt

= ra(t)g(z(t — 7)) is asymptotically stable if 0 < —ra*g'(z*)7 < g

Example 7.1.2. 1. For delay logistic model

dx(t)
e ra(t) [1 —

:L‘*

Show that the stability condition becomes 0 < r7 < 7.

dx(t)

2. Show that the equilibrium point x* = k of the delay equation e rx(t) log <

k
1’(15—’7’)) is asymp-

totically stable if 0 < r7 < 7/2.

Solution. 1.

2O _ rafr [1 - 9”(’;_7)} .

For logistic model, x = 0 and x = «* are two equilibrium points. Let

oalt 7)) =1~ T
It =)y = o
Now,
g (z") = o <—xl> S

Therefore, the stability condition becomes,

0<—rb7'<g:>0<r7'<g b= —1].
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Here, 0, k are two equilibrium points of the Gompertz growth model.

slat-m) = tog| "]

t—1)
1 k
/
Jatt-m) = —— (- )
ﬁ (z(t —7))?
B _x(t — ) k
- koo (x(t—7))?
- 1
o x(t—T)
1
Jdk) = ~Z [Here, x* = k|.
1
Therefore, kg'(k) = —k- 5= —1.
Therefore, b = —1. The stability condition becomes

O<—7“b7'<g:>0<r7'<g.

|
7.2 Distributed Delay
For discrete time delay, the logistic equation is
dz(t
g):mﬁm@@—ﬂ) (7.2.1)
where gx(t) =1 — e In case of distributed delay, this equation can be generalised as
dx(t o
di ) = x(t)/ g(xz(t —7))p(s)ds. (7.2.2)
0

Here, p(s)ds represents the probability of a delay between s and s + ds. Therefore,

/ p(s)ds =1 [since T > 0].
0

An equilibrium point of the integro-differential equation

is a value x* such that,

x*/ g(z")p(s)ds =0 or, x*g(z*) =0.
0

We see that * = 0 is an equilibrium point and the equilibrium z* > 0 is given by g(z*) = 0.
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7.2.1 Linearization about an equilibrium point

To linearize -
d::lgt) = x(t)/ g(z(t — s))p(s)ds (7.2.3)
0

about an equilibrium point z*, we put u(t) = x(t) — x*. We have,

du(t)
dt

= (u(t)+2") /OOO g(z" + u(t — s))p(s)ds

= (u(t)+2") /OOO [g(x*) +u(t —s)g (x*) + oy 9 (") + .. ] p(s)ds

= (u(t)+ ") [g(m*) +g'(x%) /0 u(t — s)p(s)ds + .. ]

= 2*g(z") + g(z®)u(t) + 2% ¢ (™) /0 u(t — s)p(s)ds + ... (7.2.4)

We are now in a state to study the integro-differential equation of the form

du(t)
dt

= au(t) + b/ooo u(t — s)p(s)ds (7.2.5)

where a = g(z*), b = 2*¢'(z*), p(s) > 0for0 < s < 0.

/Ooop(s)ds =1.

To study the behaviour of the solution of equation (7.2.5), for a specific kernel p(s), we take the solution as
u(t) = ce™ (7.2.6)

o
cxeM = aceM —i—bce)‘t/ e p(s)ds
0

(o9}
A=a+ b/ e ¥ p(s)ds
0
A = a + b - Laplace Transform of p(s)

A=a+bL(p(s))
= A=a+bF()), (7.2.7)

R

where F'()\) is the Laplace transform of p(s). We shall consider two specific choices of p.

/ p(s)ds =1, / sp(s)ds = T (Average delay).
0 0

We shall make use of the following results.
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_;(45)
Let us take pi(s) =e T\72

T
Here, p;(0) = 0, p1(s) has the maximum value at s = 5 Now,

Lipi(s) = /Oooe—ksms)ds

4 1
- - 0-1
ST
i
)
4

N2T2 4 ANT + 4
Thus, the characteristic equation is
4b
e T+ 4
= a(NT? + 40T +4) + 4b = A N*T? + 4\T + 4)
I <4T—aT2) 24 4—4al' | 4(a +b) o,

=A

T2 T2 T2

By Routh Hurwitz Criterion, all the roots of the above equation have negative real part,

4T — aT? 4(a + b)
T>O, —T>O,

and
AT — aT? 4 — 4aT N 4(a+b)

T2 T2 T2 > 0.

The stability conditions are,
a+b<0, al <4, —bT < (2—al)%

dd( +b/ u(t — s)p(s)ds.

For the equation,

*

a=g(z*), b=ux"g (")

If the equilibrium is,
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1. If z* = 0, b= 0, then the condition of stability reduces to a < 0 = g(z*) < 0.

2. If z* > 0, then a = 0. Since, the equilibrium point satisfies the condition g(x*) = 0. In this case, the
stability condition reduces to

0< —a*g' ()T < 4.
———
b

1
Example 7.2.1. py(s) = T e~*/T find the stability condition. (7" > 0).

Solution. Now,

Lipa(s) = /0 T e py(s)ds

The characteristic equation is

A=a+bF())
1
A= b-
AT T
)\_a()\T—i-l)—i-b

= N 11

= MM +1)=a(A\T+1)+b
= MNT+A=a\T+a+b

= MNT+(1—al)A\—(a+b) =0
1—al b
N (1-a )/\_a—i- _

)\2
* T T

0. (7.2.10)

NG . ekt W G ) o V(R VR A CRt)
2 2

For stability condition of (7.2.10),

1—aT a+b a+b
0 and — | — 0 0.
7— >0an ( 7 >> = —— <

Since T' > 0, then
al' <1 and a+b<O0.

These are the stability conditions. |
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For the equation,
du(t o
u(t) = au(t) + b/ u(t — s)p(s)ds.
dt 0

Here, a = g(z*) and b = x*¢/(z*).
If

1. 2* =0, then ¢'(z*) - 2* = b = 0, then the stability reduces to a < 0 = g(z*) < 0.

2. x* > 0, then a = 0. Since the equilibrium point satisfies the condition g(z*) = 0, then the stability
condition reduces to b < 0 = z*¢'(z*) < 0.
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Units 9 & 10

9.1 Spatial Model

Let us suppose, we have a population that inhibits a patch of length L (0 < x < L) that does not grow and is
subject to simple diffusion.

Time

fla,p3Pce

on 0’n
—=D_—. 1.1
ot Ox? ©-1.D
We have, the initial condition
n(x,0) = no(s). (9.1.2)
Let us assume that, we have homogeneous Dirichlet boundary condition
n(0,t) = 0 9.1.3)
n(L,t) = 0. 9.1.4)
To solve equation (9.1.1) we put,
n(x,t) = S(x)T(t) — Characteristics (9.1.5)
Putting (9.1.5) in (9.1.1), we get,
17 9 d*S . dT
= | §=E 7= 9.1.6
DT S dt?’ dt ©.1.0

Since, space and time are independent variable. Therefore, these two can be equal if both of them equals to a
constant. .
1T S
DT= 9 = —\ (constant). (9.1.7)
This implies
T=-DTx S"=-S\
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Solving, we get
T(t) — CefD)\t
S(z) = asin(vAx)+ bcos(VAx)
n(z,t) = (asin(vAz)+bcos(vVAx))Ce PN

= e DM [A sin(VAz) + Bcos(\&x)} .

n(0,t)=0 = B=0
n(L,t)=0 = e PN [Asin(\[\L)} =0
= Asin(VAL) =0
= sin(VAL) =0 [4 # 0]
= sin(VAL) = 0 = sinkr
k22
= =12 k is an integer.

k
np(z,t) = e PM (Aksinm>

In more general form, the solution can be written as

> Dy k22 kmx
n(x,t) = Ape ™" T sin| — ).
(z,t) E k€ sm( 7 >
k=1
Now, using the initial condition n(z, 0) = ny,

ng = ZAk sin (T) .

k=1

(9.1.8)

9.1.9)

(9.1.10)

9.1.11)

Our initial condition can be written as Fourier ‘sine’ series with the coefficient in the sine series being the

coefficients of our solution.

These coefficients can also be taken as coordinates with the various sine functions as basis vectors. We can

now use the orthogonality property of this basis vector
L .
. [Jjmx . [ krzx )
— - — )dz = 0 k
/Osm<L) s1n<L)a: , JF

By using orthogonality property,
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Therefore,
> L
. kmx 2 . [ krmx
no(x) = ;Ak sin I where A, = L/O no(x) sin <L> dz.

We now introduce the addition of growth into our system.

on D32n

ot oz

Kierstead and Slobodkin were in phytoplankton bloom. For example, red tide out breaks. They assumed

%(t)

toxin release t

simple exponential growth, diffusion and homogeneous Dirichlet condition, then the system becomes,

B 92
a—?;:rn—l—Da—xZ 9.1.12)

with boundary condition n(0,t) = n(L,t) =0
initial condition n(z,0) = ng(z).
It is possible to reduce this equation to the previously solved problem by,

n(z,t) = e u(z,t)

0 0 0?
8—? :re”u(x,t)+e”a—1: = re”u(x,t)%—De”a—;;
ou 0%u
= —=D_—. 9.1.13
ot Ox? ( )
u(0,t) =0 = u(L,t)
u(z,0) = ug(z) [To prove previous problem).
The solution of this equation,
s Dtk?n? k"]’[’
— ) il
u(x,t) ZAke L2 sin ( 7 >
k=1
i o Dtk?x? kﬂ'
Therefore, =S A, g (A7) 9.1.14
erefore n(x,t) ; ke sin { — ( )
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This population grow if

Dtk?n? Dtk?n? D
T—T>O:>T> L2 :>L>k'7T 7

L>m/9. (9.1.15)
r

The critical length L of the equation (9.1.15) is referred to as ‘Kiss size’. If the patch is shorter than this
length, the population collapses and if it is longer than this length, a bloom occurs.
Let us consider the non-linear model
0’n

on n
a—rn(l—g)%—D@, O<z<L (9.1.16)

with boundary condition n(0,t) = 0 = n(L, t)

Fork =1

9.1.17
initial condition, n(x,0) = n.(0). ( )

Fick’s law Equation (9.1.16) contains logistic growth and simple Fickian. It is called Fisher’s equation.
Equation (9.1.16) contains three parameters 7, k, D. Let

t
u(z,t) = "(”;;’ ) (9.1.18)
Then (9.1.16) becomes,
ou 0%u
a:ru(l—u)%—D@ O<z <L 9.1.19)
0,t) =u(L,t) =0
ul0,1) = u(l, 1) 9.1.20)
u(z,0) = up(z).
The steady-state solution
ru(l —u) + Du” =0 [8“ = 0}
ot (9.1.21)
u(0) =u(L)=0
We write equation (9.1.21) as
u =
9.1.22
v = —%u(l —u) ( )

For equilibrium, v’ = 0, v' = 0.

v givesv =0

vV =u=0,u=1.

Therefore, the equilibrium points are (0, 0) and (1,0). The variational matrix

[—B(lo— 2u) (1)] '
At (0,0),

—-A 1
—5(1—=2u) =X

‘:0 = )\2+%(1—2u):0
- /\:i,/%i.
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At (1,0),

- 1 [r
% _)\’—0 = A== o

Therefore, (1,0) is saddle. For (0,0) it is a centre. However, linearization is unreliable for non-hyperbolic

equilibrium point.
Equation (9.1.21) has a first integral, multiplying (9.1.21) by o/,

Du'v” + ruu/ (1 —u) = 0.

Integrating with respect to x,

This equation can be written as
v
2

_I_
Sl =
—

The phase-portrait is symmetric in v = u/.

Figure 9.1.1: Phase plane for the steady states of the Fisher’s equations

(9.1.23)

Let us assume that, we have a solution of equation (9.1.21) that satisfies the boundary conditions, equation

(9.1.23) may now be written as,

2 3
v T u u T
(== )=_F
2+D(2 3) pfw
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Nl

D [ du

(9.1.26)
From (9.1.25) D/Odu—/de
R AN e R
2D [+ du
I // “_ (9.1.27)
rJo VFGw - Fo)
Let us take the substitution z = %
1
L= \/QD/ paz . (9.1.28)
rJo /F(p) — F(pz)

Equation (9.1.28) may be considered as an elliptic integral, we can deduce the following facts from (9.1.28).
1. L is an increasing function of p for 0 < p < 1.

2. lim L .
Jiany L(1) — 0

3. im L(p) =L.=m7
pn—1

N

Proof. 3.

[2D (! d
lim L(p) = lim 4/ — pes
p—1 w1V Joo /F(u) — F(uz)

= 2
T 0 1— 22
D
= 24/ Z]si -1 a1
\/T[Sln ]o
_ o, /D7
r 2
D
= m/—.
T
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2 3
. oD [1 dz
lim 4/ —
=1 r 0 l_ﬂ_z2+li23
2 3 2 3

2D [! dz
\/T 0 A1 -2 (1 +2) - H(1-2)(1+2+22)
\/ﬁ/ \/ dz) 21 + 2 + 22)]
\/6\/?/0 \/(l—z)(1+z—222)

1 z

\/6\/%/ \/1—2 1d—z )1+ 22)
W2 e
\/6\/?/1 ﬁ Taking 1 + 2z = p?
W[
2\/6\/?/1f3ipp2

2D 1 3
26 x[bg Vit
T

2V/3 V3-p|],
(i) (3]
2\/? [logoo—log <£i—1>
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9.1.1 Exponential growth and spatial spread in an infinite domain

Let us consider a simple model of exponential population growth with simple Fickian equation

on 9%n
— = D— 1.2
5 ™+ 92 (9.1.29)
with initial condition
n(z,0) = f(z). (9.1.30)
The substitution
n(z,t) = e u(z,t) (9.1.31)
reduces (9.1.29) into
ou 9%u
— =D— 9.1.32
o~ Yo ©.1.32)
u(,0) = f(x).

We will assume that initial function f(z) goes to zero and the solution u(z, ) is bounded for large positive or
negative values of z.
Let u(z,t) = S(x)T'(t).

17 S 9
BT= g = A=k (9.1.33)
S"(z) = k?S(z) =0 (9.1.34)

The real solutions of these equations are in terms of sines and cosines. But, for convenience, we will use the
complex exponential e?** and e~?**. Therefore, there are continuous functions of the form

u(z,t, k) = F(k) e Dt (Solve) (9.1.35)
To write that equation (9.1.35) satisfies (9.1.32). With this we need an integral
o : 2
u(z,t) = / F (k) etkz=F"Dt g, (9.1.36)
—00
Initial condition u(x,0) = f(z) must satisfy
o0 .
f(z) = / K (k) e™® dk. (9.1.37)
—00
Equation (9.1.37) can be inverted by using Fourier inversion formula
1 [ ,
F(k) = — / f(z)e ™ dg. (9.1.38)
2m J_
Equation (9.1.37) and (9.1.38) together form a Fourier transform. Substituting (9.1.38) into (9.1.36)
1 <l . 2 © ;
u(z,t) = — / [e’kxk Dt / f(&)e ke dg] dk.
27T — 0o —0o0
1 oo e} . 2 .
U(I‘,t) — / / ezkm—k Dt—ik€& f(g)dédk
2m —o0 J —0o
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Now,

o Difl-2570] il 0] e

u(a 1) = — / e S (e

2 J_ o

where

I /°° oDt [k_i(ggtﬁ)r o

—00

iz —¢)

Letz =k —
etz 2Dt

. Then

o0 2
I = / e Pt g,
—00
1 o0 1 9
ND—t/ e Pp2dp [p= Dtz7]
—00
1 o0 1
v, T
0
= LF (1> :ﬁ
VDt \2 VDt
Therefore,
1 ym [ _@9?

u(z,t) = Vi) L © vt f(§)dE

_(z—8)?

1 o0
= 2@/006 i f(§)d§
- /_ gz — €.0)F(€)de (9.1.39)

where
1 _(z=8)?

e~ 4Dt . 9.1.40
2v Dt ( )

Equation (9.1.40) is known as fundamental solution of Heat equation. It describes the evolution of a point
releasing heat.

g(x —f,t) =

Now, from equation (9.1.29) and substituting (9.1.31) we see that a point source of size ng will grow like

)2
n(z,t) = 2\/%%(3”—(453 . (9.1.41)

Now, let us imagine that the population is detectable when it reaches a certain threshold density n.. We can
solve from (9.1.41)

2
"o rt— (x4§2

Ne = e
¢ 2V Dt

x
+rt —

no
2V Dt 4Dt

log n. = log
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If we consider be the density to this critical level

1 log "0 4y 2
ogne =log ———+rt — —
&l g2 Dt 4Dt
= ne2V Dt y x?
og——— =71t — ——
S 4Dt
o ne2V Dt ; x? o 1
og——— =1t |1 — -5 X —
& no t2 4D
2 4D 27Dt
= :E2—4Dr+log<nc T =0
t t nQ
4D 2v/7 Dt
= T4 [4Dr — Zlog <w> (9.1.42)
t t 1o
Taking tlim ,
— 00
% — +2vDr. (9.1.43)

The left hand side of (9.1.42) and (9.1.43) can be interpreted as the average velocity of expansion.
This average velocity of expansion tends towards a constant determined by the intrinsic growth rate of the
population and diffusive coefficient.
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UNIT-11

Autonomous and Non-Autonomous System:Orbit of a map, fixed point, equilibrium point,
periodic point, circular map, configuration space and phase space.

11.1 Introduction:

Most of the problems in physical biological and social science involved non-linear
differential equation. In the present chapter, we introduce some central ideas and method of
the subject and find that it gives some interesting new phenomenon that does not appearing
linear theory. The qualitative study of differential equation is concerned with how to deduce
improvement characteristic of the solutions of differential equations without solving them.
Here we introduce a geometric device, the phase space which is used extensively for
obtaining directly from the differential equation such as properties as equilibrium periodicity
unlimited growth, stability and so on.

We give some examples of non-linear differential equation arising in practice. The
equation of motion for a simple problem is

Where ‘x’ is the inclination of the string of length ‘I’ of downward vertical. If there is
a damping force proportional to the velocity of the bob of mass m, then is a equation
becomes-

R+—x+2Sinx=0....ccceeeernnn, (11.2)
m 1

for small angular deviation, Sin X = x in (11.1) and (11.2) but there involves a gross
error.

Another non-linear differential equation is involved in the theory of vacuum tube and
is called VVanderpol equation given by

RAUOC-D)X+X=0 oo, (11.3)
where the non-linearity occurs in the second term and u is the paramiter.
And n-th order non-linear differential equation is of the form-

d™x

) =
x datn

=f(t,x %,...,x®" D) (11.4)




h . _dx .. _ _
w erex——;,x——d?, .............. etc

Let uswrite x; =X, X3 = X = X1,...,X4 = X3, ...,Xp = Xp_1-

Thus, x,,_1 = f(xq, x2, ..., Xp),

The system (1.5) is the special case of the following system of n-dimensional equations of
first order differential equation

x'1= fl(t' X1,X7, ...,xn), X.ZZ fz(t, X1,X2, ...,xn),..., x'n= ﬁl(t, X1,X2, ...,xn)

or in complete form x;= f;(t, x4, x5, ...,x,) for i=1,2,...,n. which in vector form can be
written as

-

S i 0 N (11.6)
with % = (xy, X3, ..., %) and £ = (fi, for o) f2)
In study vector function in R™ = Y7, |f;|

For the nxn matrix A with elements a;;, We shall use the norm

ijo

lAll = ?=1|aij|

11.2 Existence and uniqueness:

Regarding the existence and uniqueness and continuity of a solution of differential

equation (1.6) the vector function f(a’c’, t) has to satisfy the following condition, called
Lipschitz’s condition.

Lipschitz’s condition:

Consider the function £ (%, t) with f:R"*1 > R|t — t,| < a, ¥ € D cR". Then f (%, ¢) is said
to satisfy the Lipschitz’s condition with respect to x if in [ty — a,ty + a] X D, we have

If Gt 0 - FGe, 0l < allx — %I
with X7, x, € D and « is constant, called the Lipschitz’s constant

Instead of saying that f (%, t) satisfies the Lipschitz’s condition, we sometimes say that

F(%,¢t) is called Lipschitz’s condition in Z.

We now state the following theorem without proof.
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Theorem 11.1(Cauchy-Lischitz Theorem):

Consider the initial value problem
X=f(%,t), X(to) = Xo
with X € D cR™, |t — ty| < a.

D = { %/ ||x; — x;|| <d}, a and d are position constants. Suppose that the vector function
f (x, t) satisfies the following conditions

(i) F(%,¢t) is continuous in G = [t, — a,t, + a] X D.
(i)  f(&¢t)is Lipschitz’s continuous in Z.
Then the initial value problem has one and only solution for

|t — to] <inf (a, d/m), M =5 ||f]|

Note that the theorem (1.1) of the existence of the solution neighbourhood of t = ¢,. As the n-
th order non-linear differential equation is equivalent to the system of n first order differential
equation

n

d™x 1 1
I =f(t,x,x", .., x" ")

is determine uniquely by the values prescribed for x and its 15¢ (n-1) derivatives at t = ¢,
provided that the function satisfies the Lipschitz’s condition.

11.3: Gronowall’s Inequality:
Theorem 11.2(Gronowall):

Assume that for t, <t < ty, +a, where a is positive constant, we have the estimate

o) <6; f:o P(s)p(s)ds + 85 wovveveeeeeeieeennn (11.7)

In which for t, <t < t, +a, @(t) and ¥(t) are continuous function, ¢(t) =0 and §;, &,
position constant. Then we have fort, <t < t, +a

t
0 () < 8250 e (11.8)

Proof:

From (11.7) we get
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e ® <1
81 J,, W(s)p(s)ds + 8,

Multiplying both sides by &§; ¥ (¢) and integrating we have

Y(s)ds

0

f t&‘#(s)q)(s)ds < 51]
to 01 fto Y(s)p(s)ds + &, t

t
=S¢t < 62e61ft0w(5)d5

11.4 Autonomous and Non-autonomous system:
Consider the system of n-differential equations of first order;

xX;= f;(t, x1, %5, ..., x,) fori=1,2,....n. which in vector form can be written as

If the vector function f occurring in (1.9) depends on x only and not on time t, the system
given by

P 16 N (11.10)

is said to be autonomous. On the other hand, if the time ‘t” appears explicitly in (1.9), the
system is said to be non-autonomous.

11.5Phase-Space, Orbits in Autonomous System:

We start with a simple but important property of autonomous equation

-

Pl 169 (11.11)
Translation Property:

Suppose that ¥(t) is a solution of equation (11.11) in the domain D€ R". Then X(t- t,)
with ¢, is a constant is a also a solution.

Proof:

Transform t—T with T = t- t, apart from replacing t by T, equation (11.11) does not change
as t does not occur explicitly in the right hand side. Since X(t) is a solution of (11.11), so x(T)
is a solution of the transform equation.
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Notes:

(i) It follows that if initial values problem %= £ (&), #(0) = %, has the solution of (t)
then the initial value problem #= f(%), #(t,) = Z,has the solution Z(t- t,).

(i) It is to be noted that since occurs explicitly in the right hand side of the non-
autonomous system x= f (¥,t), so translation property does not hold for such a
system.

Now consider the equation (11.1) with X € D c R, D is called phase-space and for
autonomous equation it makes sense to study this space separately. Consider the harmonic
equation X + x = 0 which is autonomous. To obtain the corresponding vector equation we
put X = x;, x = x, to obtain X¥; = x,, ¥, = —x;. This solutions of the scalar equation are
linear combinations of constant. It is easy to space G = R x R%. This solutions can be
projected on the x , x-phase which we call the phase-plane.

As time does not occur explicitly in equation (11.11), we carry out this projection for the
solutions of this general autonomous equation. The space in which we describe the behaviour
of the variable x4, x,, ..., x,, parameterized by t, is called the phase space. A point in phase
space with co-ordinate x (t), x,(t),...,x, (t) for contain t, is called a phase point. In general,
for increasing t, a phase point shall more through phase-space.

Consider the equation (11.11) which written out in components becomes

Xi= fi(x1, %2, 0, %) fori=1,2,...n.
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We shall use one of the components, say f;, as a new independent variable; this required
that f; (x4, x5, ..., x,) #0. With the chain rulewe obtain (n-1) equations

dﬁ — f2(x1,%2,4%n) dﬂ — fn(xX1,%2,0%n) (11 12)

dxy AL 12 gevey dx; FL(Rigyty) (T

Solution of system (11.12) in phase-space are called orbits. In the existence and
uniqueness theorem (11.1) applies to the autonomous equation (11.11), it also applies to the
system (11.12), describing the behaviour of the orbits in phase space will not intersect. For
such a case the point (x4, x5, ..., x,) on the orbit is called an ordinary point.

In the above we have excluded the singularities of the right hand side of system (11.12)
corresponding with the zeros off; (xy, x5, ..., x,,). If f5(x1, %3, ..., x,) #0, we interchanged the
results of f; and f,. If the zero of f; and f, consider, we can take as x; as independent
variable, etc.

Real problem with this construction arise in points d = a4, ay, ..., a,, such that f;(a) =

0,f,(@ =0, ..., f,(@ = 0.

The point a € R is the zero of the vectors function f(a?) and we call it a critical point or
singular point or an equilibrium point.

Example 11.1:Consider the harmonic oscillator % +x = 0. The equivalent vector
equation is with X = xq, X = x5, X; = X9, X, = —X3

The phase space is two dimensional and (0,0) is the critical point. The orbits are described
by the equation

de X1

dx;  x,
or x; dx; + x5 dx, = 0.
or x? + x2 =constant = C.
Thus the orbits are concentric circles in the phase-space.
dx
d

Example 11.2: The equation ¥ —x = 0 gives the orbits the phase-plane as 72 = i—l :
1 2

Integration gives the family of hyperbolas x? — x2 =constant = C. The critical point is (0,0)
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The arrows indicate the direction of motion of the phase points with time, the motion
of phase points along the corresponding is called the phase-flow.

1.6 Critical point and linearization:
Consider the equation (11.11)
x=f(@),X €D cR"

and we assume that the vector function £(X) has a zero at ¥ = @ with £(d) = 0 is a critical point

of the equation x= f(ic’). A critical point of the equation in phase space can be considered as
an orbit, degenerated into a point

Note that a critical point corresponds with an equilibrium solution (or stationary solution) of
the equation for all time.

It follows form the existence and uniqueness theorem (1.1) that an equilibrium solution
never be reached into a finite time (if an equilibrium solution would be reached in a finite
time, two solutions would be intersect).

Example 11.3:

Consider the equation x = —x,t = 0.

[ x(t)

\)—\
P

o

» (time)

x = 0 is a critical point, x(t) =0, t = 0 is equilibrium solution.
Note that for solutions, starting in x, # 0 att =0 given by x(t) = x,e " .

We have, lim,_, x(t) = 0
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Example 11.4:
Consider the equation x = —x2t > 0.

Now x = 0 is a critical point and x (t) = 0, t =0 is an equilibrium solution. The solution
X * 0.

starting in xo # 0 att = 0 and X (t) = ——,
xO +t
If xo < 0and x, > 0, the solutions shows qualitative and quantities difference behaviour
for the two cases. If x, < 0, the solutions become unbounded in a finite time.

In example (11.3), the solutions tend in the limit for t — co towards the equilibrium
solution, the orbits in the one dimensional phase space tends to critical point. If we consider
the equation x = x, t > 0, x, # 0 at t = 0, then the solution will be x(t) = x,e’ so that x(t)
- 0 ast —» —oo ie., the orbits tend away from the critical point. We call these phenomenon
attractions.

A critical point ¥ = a of the equation x= f‘(a?) in R™ is called positive attraction if there exists
neighbourhood Q, c R" of X = a such that X(t,) € Q, implies lim,_., ¥(t) = d.

If a critical point has this property for t —» —oo then ¥ = a is called negative attractor.

In analysing critical points and equilibrium solutions we start by linearising the
equation in a neighbourhood of the critical point. We assume that f(a?) has a Taylor series

expansion of the first degree plus higher order rest terms. So, in the case of x= f (%), we write
in the nbd of critical point X = a .

X= f(ic’) = f(& +X—ad)= a;;;a) (X — a)+ higher order term.

We shall study linear equation with constant coefficient

5 _0f@ 5 5

X === (x—a)

To simplify the notation, the point notation, the point a is often shifted to the origin of phase
space. Thus by putting & = (¥ — @) we have

>
=

7_0f@ 3z
§=22¢

Let, %(;) = A, a nxn matrix with constant coefficient. So, the linearized system which we
shall study in the nbd of % = @ is of the form &= A¢.
Example 11.5:

Consider the equation

X+ sinx =0with—7<x <mx€R.
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Let X = x;, X = x, then the above equation reduces to x; = x,, X, = — sin x;.
Critical points are (x4, x5) = (0, 0),(-rt, 0),(m, 0).
Expansion in of (0, 0) gives
X1 = Xy,X, = —x1 + higher order term and that in the nbd of (£, 0) gives
X1 = X3,Xy, = —x1 + w + heigher order term.
Example 11.6:
Consider the system describing the interacting of the two species
X =ax — bxy
y =bxy —cy
Withx,y >0
And a, b, c are constants.
‘x’ denotes the population density of the prey ‘y’ the population density of the predator.

In this model the survival of the predator depends completely on the presence of prey; to put
mathematically if x(0) = 0, we have y = —cyso that y(t) = y(0) e ¢ and

tlim yit) = 0
The equilibrium solution corresponds with the critical points (0,0) and (%,%) IS
x=—c(y— %)+.....
. c
y=—a(x— ;)+.....
1.7Periodic Solutions:

Suppose that X = @(t) is the solution of the equation x= f(a?), X € D c R™ and suppose that
there exists a positive number T such that @(t + T) = @(¢t) forall t € R.

Then @ (t) is called periodic solution of the equation with period T. if ¢ (t) has period T, then
the solution has also period 2T, 3T, ........ Suppose T is the smallest period, then we called
@(t), T-periodic.

Lemma 11.1:

The periodic solution of the autonomous equation %= f(¥), € D C R", t € R,
corresponding with a closed orbit corresponds with a periodic solution.
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Proof:

Consider the phase space corresponding with x= f (x). For a periodic solution we
have that often time T, ¥ = @(t), assume the same value in R". So, a periodic solution
products a closed orbit or cycle in phase space.

Consider now a closed orbit C in phase space and a point X, € C. The solution of the
equation = £(%) given by @(¢) = 0 stands at t=0 in £, and the traces the orbit C because of
uniqueness of solutions, C can not contain a critical point, so ||f(%)|| = @ > 0 for % € C.

Therefore, ||X]| > a > 0

So that at a certain time t=T, we have returned to X,. Now we have to show that ¢(t + T) =
@(t) for all te R.

Lett =nT+t; withne Z, 0 <t;< T.

It follows from the translation property (see article 1.5) @(t) is a solution @(t) = ¥, then
@(t —nT) is a solution with @ (t + nT)=x;

So, ¢(t;) = ¢(t; +nT)
and as t; can have any value between (0, T), we see that ¢ (t) is T-periodic.
Example-11.7:
For the equation X + sinx = 0,
The phase plane contains a family of closed orbits corresponding with periodic solutions.
Example-11.8:
For the VVander Pol equation
F+u@x?—1)x+x=0,u>0
The phase plane contains one closed orbit corresponding with periodic solution.

Note:The definition of periodic solution also applies to solutions of non-autonomous

equations x= f (%, t). However, closed orbits in such a system do not necessarily corresponds
with periodic solution property is not valid any more.

Consider for example the system
x=2+y

y = —2tx
where solutions on of the form

X (t) = a cost? + ( sin t?
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y(t) = —asint? + B cos t?
In the xy-phase plane we have closed orbits, but the solutions are not periodic.

1.8 Orbital Derivative:

Consider the differentiable function F: R™ — R and the vector function #: R — R™. The L, of
the function F alone the vector function %, parameterise by t is

> 9F 5
L. F=—x
t ax
aF aF )
=—Xx — X, t... + X
ox7 Y axz 2 ax,; ™"

where x4, x, ..., X,, are the components of X. L, is called the orbital derivatives.

Now we chose for X-solution of the differential equations X= f (%) to compute the
orbital derivative.

First Integrals and Integral Manifolds: Consider the equation X= f(;?), X € D c R", the
function ﬁ(a?) is called the first integral if D holds Ltﬁ =0.

It follows from the definition that the first integral ﬁ(a?) is constant alone a solution.
First integral are same times called constant of motion.

Taking ﬁ(:‘c’) = constant, we are considering the level sets contains orbits of the

equation such a level set defined by ﬁ(:?) = Constant consists of family of orbits called an
integral manifold.

As for an example consider the equation ¥ + x = 0.

The first integral is

%xz +%x2 =E, E = 0,a constant determined by the initial conditions. In phase

space, this relation corresponds for E>0 with manifold, a circle around the origin.
Definition:

Invariant Set: Consider the equation x= f(a?), X € D c R™. The set Mc D is invariant if the
solution X (t) with ¥(0) € M for —oo < t < oo. If this property is valid only for t > 0(< 0)
then M is called a positive (a negative) invariant set.

Critical points and in general solutions which exists for all time are examples of
invariant sets.

Non Degenerate Critical Point of f(?c’): Consider F: R™ - R which is supposed to be C~,
for X = a we have
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(T) =0 and X = d is a critical point.
0X/%=a

The point # = @ is called non-degenerate critical point of the function F(%) if we have

the determinant
92F
— * 0.
0x%/z-a

for example the origin is non-degenerate critical point of the functions x? + x2, x? — 2x2and
the origin is a degenerate critical point of the functions x?x3 , x? + x3.

Definition:

Morse Function: If
neighbourhood of X =

X = a is non-degenerate critical point of the C* function in the
d.

It is to be noted that the behaviour of a Morse function in a nbd of critical point x =
is determined by the quadratic part of the Taylor expression of the function. Suppose that X

Oisa non-degenerate critical point of the Morse function ﬁ(a?) with

>
a

F(X)= Fy— c1x? — c3x35 — -+ — ey xf + Cpap1Xfyq + -+ cyx2+ higher order terms.

with the coefficients ¢y, c,, ..., ¢,,; K is called the index of the critical points. There exists a
transformation ¥ — ¥ in a nbd of the critical point such that F(%) — G (3) where G (3) is also

Morse function with critical point y = 0, the same index k and apart from 5(6) only
quadratic terms.

Lemma:

Consider the function F: R® — R with non-degenerate critical point X = 0, index k. In
a nbd of % = 0 there exists a diffeomorphism (transformation which is one-to-one, unique C’
and which the inverse exists and is also C" ) which transforms ﬁ(a?)to the form

G =G0)—y? -y} — Y + Yty + 12
11.9Evaluation of Volume Element:

Consider the equation x= f(a?) in R™ and a domain D(0) in R™ which is suppose to
have volume v(0). The flow defines a mapping g of D(0) into R™,

g:R™ - R", D' = g*D(0)
From the volume v(t) of the domain D(t) we have

vy (G Fav (v F= 91 9 . 4 9
d_t]t:O_IV' dx (V.f = 0x1+6x2+ +axn)
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11.10 Characterization of Critical Points:

In section (11.6) we have seen that linearization in a nbd of a critical point of an
autonomous system x= f (%) leads to the equations

E=AE . (11.13)

where A is a constant nxn matrix; in this formulation the critical point has been translated to
the origin. We assume that |A| # 0 and critical point is non-degenerate.

The eigen values of A are obtained from the characteristic equations
A=Al =0..cccooveninna... (11.14)

Let the eigen values are A4,1,,...,4,. In the eigen values are different then there
exists a real, non-singular matrix T such that T~1AT is a diagonal matrix whose diagonal
elements are the eigen values. If there are some equal eigen values, the linear transformation

§ =Tz leads to
TZ = ATZ
82 =T YATZ ..o, (11.15)

which can be integrated from which 5 = TZ follows.
Two Dimensional Linear System:

We shall give the location of the eigen values by the diagram which consists of the
complex plane (real axis horizontally, imaginary axis vertically), where the eigen value are
indicated by dots.

Here the dimension is two and eigen values A, and A, are both real or complex

conjugate. If 1; # A, (real or conjugate). Then T~ AT is of the form ('15 /10 )
2

We find for Z(t) the general solution Z(t): (Cle ) e, (11.16)
ce

Where c; and c, are arbitrary constant. The behaviour of the solutions represented by (11.16)
is for the kind of choices of 1, and A, very different. We have the following case

(@) Two Node (4; and 4, Real and Same Sign):

The eigen value are real and have the same sign. If ; # 4, we have with Z(t):(zl,
z,) the real solution z; (t) = c;e’1t and z,(t) = c,e?2t. Elimination of t produces |z;| = ¢

A1
|zy|*2 with ¢ being constant. So in the phase-plane we find orbits which are related to
parabola.

66



~—

Nodes

We call this critical point is a node. If 1, ,4, < 0 then (0,0) is a positive attractor and

a stable node; if 1;,4, > 0, then (0,0) is a negative attractor and a unstable node. If 1; =
0

A5 = A (say) the normal form is (}(‘) N

) so that z, (t) = (¢; + ¢;)er and z,(t) = c,e’.

Here the critical point is called inflected node, a positive attractor if A<0 (stable) and a
negative attractor (unstable) if A>0.

If particular, if one root, say A,is zero then the solution describes a family of
straight lines through the origin, positive attractor if A4; < O(stable) and negative
attractor if 4; > O(unstable). The critical point is called a proper node or star.

(a) X (b) X

e / B .
Y% ¥ |

Fa . %
%

N

/
71\

//' \\ Y, “

A<O A>0

(b) The Saddle Point(4,; and 4, Real and Opposite Sign):

The solutions in this case are again of the form given by the equation(11.16). In
the phase-plane the orbits are given by

z,(t) = cjetrt

_|A
|z1| = ¢ |z] ‘12‘ with constant.

The behaviour of the orbits is hyperbolic, the critical point (0, 0) is not an attractor. We
call this a saddle point (unstable). It should be noted that the co-ordinate axes correspond
with five different solutions. The critical point (0, 0) and four half axes.
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(c) The Spiral or Focus (4, and 4, Complex Conjugate With Non-Zero Real Part):

Let A;,4,=u + i v with u, v # 0. The solutions are of the form e® +1V)t  Linear

Combination of the complex solutions of the form e*coswt and e**sinwt. The orbits are

spiralling in or out with respect to (0, 0) and we call the critical point a spiral or focus. If

u < 0, the critical point is positive attractor (stable), if u > 0, the critical point is a negative
attractor (unstable).

J
~\

(a) . (b) -
T = |
A7~ \ AN Y
) s
— N~
/ a<o, >0

a<o, <0

(d) The Centre (4, and A, are Purely Imaginary):

Let 41,4, =*iw with w # 0 being real. Then (0, 0) is called a centre (stable). The
solution can be written as combination of coswt and sinwt. The orbits in the phase-plane are
circle. It is clear that (0O, 0) is not an attractor.

(a) A (b) %
il ™ r i e
| .//”‘/L.\;x {;f”')} -
T\
B<0 B>o0
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Critical Points of Non-Linear Equations:

Until now we have analysed critical points of autonomous equations x= f (%) by linear

analysis. We assume that the critical point has been translated to X = 0 and that we can write
the equation of the form

X =A%+ ) e, (11.17)
with a non-singular nxn matrix and that

x|

e 0

limy 20

The nature of the singularity of the critical point of the non-linear system (11.17) is
given by the following theorem of Poincare which we state without proof.

Theorem 1.3(Poincare Theorem):

If the critical point X = 0 of the linear system x = A% be a node, saddle point or a
spiral, then the critical point of non-linear system (11.17) is of same type. On the other hand,

if the linear approximation has an inflected node or a proper node at X = 0, then the non-
linear system can have either a node or a spiral, and if the linear approximation has a centre at

% = 0, the non-linear system can have either a centre or a spiral.
Example 11.9: Locate the critical point of the non-linear system
X =—-6y+2xy—8
y=y*—x*
and classify them according to their linear approximation.
Solution:For the critical point we have
—6y+2xy—8=0
y2—x2=0
le.,y=*+x.
Wheny=x= —6y+2x2—8=0=x=4,landy=4, —1.
The critical point are (4, 1) and (4, —1).

3+i7
2

Wheny=—-x=6x—2x?-8=0=x=

Which are complex and therefore it is omitted.
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For the critical point (4, 4), we put
x=¢+4dandy=n+4

Therefore the given system gives

E=—6(n+4)?>+2(E + 49 +4)-8
and 1= +4)?> — (€ + 4)?
i.e.&=8E+2n+ 28
n=-85+8n—8 +n’

Linear approximation is

. E=8E+2n
n=—85+38n
8 2
1= (5 3)
- .. |18—=21 2 | _
The characteristic equation is | _g g_ A| =0

=212-161+80=0
=2>A1A=8+14i

Since the eigen values are complex conjugate with non-zero real part, so the
critical point is an unstable spiral and negative attractor. Thus the Poincare Theorem,
the critical point of the given non-linear system is of same type.

For the critical point (—1, —1), we put
x=¢t—landy=n-1

The given system gives

E=—-6(m—-1)+2( -1D(n-1)—-38
n=0-1%- (& —1)*
i.e., £ = —2E-8n+2&

n=25-2n—-8+n’
Linear approximation is

§=—28—8n
n=28—2n
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The characteristic equation is

—2-2 —8

2 _2_/1=0=>/1=—Zi41

Since the given eigen values are complex conjugate with non-zero negative real part
so that the critical point is stable spiral. Thus by Poincare theorem, the critical point
(-1, -1) of the given non-linear is of the same type.

Exercises:
Exercise-1:
Locate the critical points and find their nature for the following non-linear system:

a) x =—2x—-y+ 2,y =xy;(1,0) saddle point, (0, 2) saddle points.

b) x =4—4x? —y%,y = xy; (0,42) centre, (+1, 0) saddle points.

c) x =siny,y = x + x?; (0, nm), saddle points if n is even and centres if n is odd.
d) x =x?—1v,y=x—y; (1, 1) saddle points and (0, 0) stable spiral.

Exercise-2:For the equation of motion of the damped pendulum 5c'+%5c+

%sinx = 0(m > 0,c > 0) investigate the nature of critical point.
Solution: Let x = y, so thaty = — %y — %sinx

=_9,_° 9 (x — si
=—°X my+a(x sinx)

Jx—sinx | |x—sinx | _ __sinx
NOWW < = |1 - 0as(x, y) = (0, 0)

Linear approximation is

X=y,y= —gx—%y.

(0,0) is the critical point.

The characteristic matrix is

A= (—;/a —c1/m>

The characteristic equation is

2 1
c _
_9 ___,1‘—0
a m




Critical point is a stable node (the attractor), if ac? > 4gm?, stable spiral(the attractor) if
ac? < 4gm?and inflected node( the attractor) if ac? = 4gm?.

Exercise-3: Investigate the nature of the critical point for the Van der Pol equation
%+ pu(x?—1)%+x = 0forthecasesu > 0and u < 0.

Hint: 0 <2< u; node with —ve attractor.
—2< u < 0; node with +ve attractor.
0< u < 2; spiral with —ve attractor.
U < —2 < 0; spiral with +ve attractor.

Exercise-4: Determine the critical point and there nature for the system X + asinx = 0,
where « is constant.

Hint: Critical points are (nm, 0).

For a > 0, saddle point if n is even and centres and spirals if n is odd. For a < 0, centres
and spiral if n is even and saddle points if n is odd.
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UNIT-12

Non-linear Conservative System:Nonlinear oscillators-conservative — system.
Hamiltonian system. Various types of oscillators in nonlinear system viz. simple pendulum,
and rotating pendulum.

12.1 Conservative Systems:

Let us consider a system with one degree of freedom and let x be a generalised co-
ordinate (e. g. position, angle etc.). Let T and V be the K.E and potential energy function and
assume that they have the form

T= %m(x)fcz, V=0, (12.1)

where m(x)(>0) is another function of x. If the system is conservative, the total energy € is
constant during motion.

ie., %m(x)fcz + v(x) =& a constant.........e.counee. (12.2)

which gives the phase paths.

The type of equation which leads to (12.2) can be obtain by taking the time
derivative of (12.2)as follows

m(x)jc'+%m' O+ v (xX)=0...cieii, (12.3)
which can be simplified by introducing a new variable u in a place of x by
u=Jm(x) dx
w = m(x)x

. lm’(x) .2 .
and ii = 2\/nmx + /m(x)x

IO NG W (12.4)
Jm(x) Jm(x)

73



Equation (12.3) then becomes ii + f(u) = 0 and corresponding energy type equation for the
phase path is

S+ WP [ f@du=c o (12.5)

in which f(w) = jﬂ%

Example 12.1

Show that the equations of the form % + g(x)x% + h(x) = 0 are affect ably
conservative. Find a transformation which puts the equation into the conservative form.

Solution:

Let u =u(x)
cu=ux=>x=—
u

2
. K L ”u L
Alsoii=u x*+ui=u — +ux
u

Hence the given equation is transformed into
oo 12" 2 )
% + g(x):T2 +h(x) = 0.
.. " .2
u u u —_
or, v + {g(X) — 7} ﬁ+h(x) =0.

We choose g(x) = L:L—,and then the above equation transformed into i + g(x)u =0 i.e.,
i+ f(u) =0.

Since g(x) = Z— , we have

logu' = fg(x)dx

or u’ = efg(x)dx

cu= f (el 90)dxy gy
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Examples of Non-Linear Conservative System with one Degree of Freedom:

1) Simple Pendulum:The motion of simple pendulum of length I, mass m is given
by
mlé + mgsind = 0.
i.e., 0 + w3sin = 0 where w3 = % .................. (12.6A)
Here the non-linearity is due to large motion corresponding to large deformation.

-7 mg cos@

i) Particle Restrained by Non-Linear Spring:Consider the motion of the particle
of mass m on a horizontal frictionless plane and restrained by the non-linear
spring. If x(t) be the position of the mass then the differential equation is
ME=—=f(X) i (12.6B)
where f(X) is the force exerted by the spring on the mass and the force is the non-
linear function of the displacement. Here the non-linearity is due to the material
behaviour.

iii) Particle in a Central Force Field: The equation of motion of the particle moving
in a plane under a central force field F(r) is

2
vy u= 0 hereu= 1/ oo (12.6C)

W tu= h2u?
where the field is gravitational and electrical. Here the non-linearity is due to
inertia as well as material property.

iv) Rotating Pendulum(A Particle Rotating in a Circle): Consider the motion of
the particle of mass m moving without friction alone a circle of radius a which
rotates with angular velocity Q about its vertical diameter. The forces acting on
the particle are the gravitational force mg, the centrifugal force mQZasin8 and
reaction force M(say). Taking the moment about the centre O of the circle and
equating their some to the rate of change of angular momentum of the particle
about O we get

ma?6 = mQO?asinb.a cos® — mgasin®

i.e., 6+ (g sinf — Q?siné. cose) =0 i, (12.6D)

a
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o’ cos(8)

Here the non-linearity is due to inertia as well as large deformation. It is seen from
the above that all the equations in (12.6) are of the form % + f(x) = 0.

12.2 Energy Integral:
Consider the differential equation
X+f)=0 i (12.7A)

for non-linear conservative systems with one degree of freedom. The equivalent system is
x=yandy = —f(x) ............ (12.7B)

and the integral curve is

dy _ ~f()
T I (12.8)

which shows that the integral curves have a horizontal tangent at the points x;, the roots of a
equation f(x)=0, provided y # 0 at this points. For critical points we have simultaneously f(x)
=0, y=0 i.e., the critical points (if exists) lie on the x-axis.

The energy integral is

%yz + v(x) = &,a constant. where v(x) = f: fOdx o (12.9)

We can consider %yz =%3‘c2 as the K.E and v(x) as the potential energy; the

constanté, the total energy shows that the system is conservative. The constant & is
determined by the initial conditions and is called the energy integral. For a given value of ¢
the solution (12.9) represents on the phase plane (xy-plane)a curve which we call integral
curve or a level curve or a curve of constant energy.

The behaviours of the level curves are called trajectories. As time passes, the point of
the phase plane representing the solution move alone the trajectories. The direction of sence
of the motion of the point can be determined by considering the velocity y(=x). Clearly, x
must be increasing function of time if y > 0.
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We re-write (12.9) in the form

y=12{—v(x)} .o (12.10)

and note that the real solution for y exists if and only if £ > v(x) and that the trajectories are
symmetric about the x-axis. It is seen from (12.8) that the slopes are uniquely determined
everywhere in xy-plane except at the critical points where both the acceleration (=f(x)) and
the velocity are zero. The trajectories in the phase plane can not intersect any where except at
the critical points.

Now, we determined the form of trajectories for varies forms of the function v(x).

Case-1:The function v(x) has a maximum:

We consider the case when the energy v(x) has a maximum. When the energy level &,
each level curve consists of two branches which intersect the x-axis and are similar in shape
two branches in hyperbola, one opening to the right and the other opening to the left. When
& > &, each level curve consists of two branches, but in this case they do not intersect the x-
axis. When & = &, the level curve consists in four branches that meet at branches passing
through the saddle point are called the separatrices. None of the other separatrices passes
through S and the separatrices are asymptotes to all other trajectories. The critical point S is
unstable because any disturbances and more form S and it tends to infinity.

And the infinite amount of time is required by the particle to pass alone a separatrix
point to the point itself and this can be seen as follows

We have from (12.10)

%= 4208 = 0O e, (12.10A)

Let u = Xx—x, which x, is the location of the saddle point. Then the nbd of x, we have
$o —v(x) =& —v(xg)
=8 — v(x) = & — v(xy) — wv’ (xg) —;u?v" (xp) + 0(w?)
= —%uzv”(xo) +0(u?) (Since v(xy) = & and v' (x,) = 0)

Substituting this in (2.10A) and integrating we get the time required to move

n _l - -

from u; =x; —xp to U = X—x; as t = —[—v (xy)] 2log (ui) (x1 > xp). Since v(x) is
1

maximum at xy,sou = 0i.e., x = xgast — oo,
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Case-11: The function v(x) has a minimum:

Y A
E(x)

Ffro

Suppose v(x) has a minimum at x = x,. When & = &, the level curve degeneartes
into a single critical point C which is a centre. When & < &, there is no real solution, but
when & > &, each level curve consists of a single closed trajectories surrounding the point C.
the critical point C is stable because a small disturbance will a result in a closed trajectories
that surrounded C alone which the state of the system remains closed to C, the motion
corresponding the closed curves are periodic but need not be harmonic. The period T of the
non-linear system is a function of amplitude &,. It can be seen from (12.10A) that

T= [2[266 — v} 71X oo (12.11)

Near the critical point x,, we have by putting u = x—x,

1 p
§o —v(x) =& —v(u+x0) = —Euzv (xo) + 0(u?)

If the motion is small, then the neglecting the higher order terms in u, the equation of
motion ¥ + f(x) = 0, becomes

¥+v(x)=0
. 1 du
orii +-v (x0).2u o= 0.
or,ii + v (xg).u =0
whose solution is
u = crexpifl/—v" (xy) t} + c; exp{—/—v (x;) t}
where c; and ¢, are constsnts.

Near a centre v" (x;) > 0 and so the centre is oscillatory described by circular functions
and so it is stable.
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Case-III: The function v(x) has a point of inflection at x, (v (x) = 0,v" (x,) = 0):

Suppose the maximum and minimum point to form a point of inflection. Each
level curve consists of one branch that open to the left. The level curve & = &, passes
through critical point P which is unstable. The point corresponds to a cusp of the phase
plane which can be seen as follows.

At the point P, v(x)=0, v (x) = 0, v" (xy) = 0.
dx . dy

. . d d '
“y=0sincey =ro-= ko =y g =—f()=—v () =0

dy\>  d? , .
(d—i}) +yd_x}2/=_f (x)=-v (x)=0.

Atx=x0,y=2—z=0.

Note:

If v(x) or v’ (x) is given, we can determine whether the critical point is a saddle
point or a centre by examining the second derivative. At the saddle point v" (x) =
f (x) <0andatacentrev (x)=f (x) <O0.

For example, consider a equation
¥x+(1—-x)2-x)=0.
The critical pointsareatx =1 and x = 2.
Now, fx)=01-x)2—x)
2 f(x)=2x-3
f()=-1<0andf (2)=1>0

Therefore, x =1 is a saddle point and x = 2 is a centre.
12.3: Parameter Dependent Conservative System:

The parameter dependent conservative system is given by the equation
X4+ F(0A) =0, e (12.12)

where A is a parameter. The critical point are obtained by the solutions of the equation
f(x,2) = 0 and so there location depends on the parameter A. If the potential energy of
the system is V(x, 1) then

f2) =250 foreach 1. e (12.13)



The critical points corresponds stationary values of the potential energy
corresponds to a stable critical point and the other stationary values (maximum and the

: . . : : OV
point of inflation) to be unstable. Infect V is maximum at x = x;if ™ changes from

negative to positive on passing through x; i.e,, f(x, 1) changes sign from +ve to — ve as
x increased through x;.

e
7T

N[N

N[N

—7T

For example, the solid line between A and B are unstable then C is also unstable,
since f is +ve or both sides of C. The nature of the critical point can easily be need from
the figure, when A = A, as shown the system has three critical points two of which are
unstable and one is stable. The points A, B and C are known as bifurcation. Points of A.
As A varies to such points, the critical point may split in two or more or several critical
point may appear or marge into a single one.

12.4 Non-Linear Oscillation in Conservative System:

a) Motion of a Simple Pendulum:
The equation of motion of a simple pendulum of length 1 is given by
0 + w3sind = 0. ... (12.14)

where 6 is the angular deviation from two vertical w3 = g/l. A first integral is

62 = 2[¢§ — v(0)] where v(8) = wcosO and &, the energy level depends on the initial
conditions, we take

28 =602 —2w3c050y....coernen.... (12.15)
So that
62 = 02 + 2w3 (coSO — €0S6y).  evvervvrrenrrinnn (12.16)

Since v(0) has a minimum —w3 at # = 0 and at even multiplies of m, the level
curves £ = —w3 consists of an infinite number of discrete centre located alone the
6 — axis. The centres correspond to stable equilibrium position. Moreover v(8) has a

maximum w? at odd multiple of 7.
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The level curves § = w¢ consists of two separatrices shown in figure 2.5 that
meet at an infinite number of saddle points located alone the 6 — axis at odd multiples
of m. The saddle points correspond to an unstable equilibrium position(invented
pendulum). It follows from (12.15) that the equation describing the separatrices is

given by

62 = 4w? coszg (putting & = w3)
.4 6

ie, 0 = 12w, cos;

When —w} < & < w}, the level curve consists of a infinite number of closed
trajectories each of which surrounds one of the centres, they correspond periodic
motion of equilibrium position of pendulum. When & > w3 a level curve consists of two
way of trajectories outside the separatrices which corresponds to rotating or spinning
motion of the pendulum.

From (12.16), we get
or - -1/2
t=+ fHo [05 + 2w{ (cosf — cos@o)] o

For convince, we suppose the motion to be started in the vertical direction
(6, = 0) with angular velocity 6,, then we can write

g Lo 20,
Tl

The character of the motion varies according to the values k.

If k<1 i.e., |90| > 2wy, the integral is always real and the value of 8 increases in
definitely. In this case & > w? according to (12.15) and the motion is unbounded and
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the pendulum undergoes spinning rather than oscillation. The separatrices (12.5) are
between trajectories representing the motion of 8 — axis.

If k = 1 ie, |§|= 2w, the integrand is real and approaches to infinite as 6
approaches to m.Thus the motion carries the pendulum from straight down to straight
up. However 6 approaches to  asymptotically as t approaches to oo. In this case & = w}
according to (12.15) trajectories representing the motion are of the separatrices.

Ifk>1i.e, |90| < 2wy, the integrand is real only if

61 < 2sin 1%L = 1, |(say) (12.18)

0

Thus the pendulum oscillate between +86,, . in this case —w3 < & < w§ and the
closed trajectories represent this motion. Value k = 1 is called bifurcation value because
if separate values of k for which the trajectories vary qualitatively (from open to

closed).

In this case the oscillatory motion the integral (12.17) from zero to 6,, with
+ve sign, gives 1/4 th period.

Thus the period is

T=p [ "1, k> 1 e (12.19)

Let, ksing sing. Then ¢ = %when 6 =0, and kcosgédﬁ = cos @d@

2cos @d 2kcos @d 6 .0
Then df = £ = e wherek=M = sin—
kcosi (1-k2 sin2 )2 2wy 2
Hence
4 = d
T=—2 o ——— (12.20)

- 1
wp 70 (1-kZsin2 ¢)2

This expression for the period is in terms of elliptic function of the first kind
(complete normal elliptic integral of first kind).

b) Motion of Rotating Pendulum:

Consider a pendulum of mass m and length | constrained to oscillate in a plane
rotating with angular velocity Q about the vertical line. The moment of centrifugal force
acting on the pendulum.

=m Q2 asin 6 .acos 0
= mQO%a? sin 6 cos 6
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and that the gravity mgasin 6
The differential equation of motion is

ma?6 = mQO?a® sin @ cos # — mgasin 6
ie, 0 =0%(c0SO —A)SINO oot (12.21)

mk? is the moment of inertia of mass about the centre.

g

A =-% where-%
aQ

=7 is a parameter and 6 be the angular deviation of the pendulum.

Thus the conservative system is

6 + £(6,1) = 0 where f(0,1) = Q?(1 — cos ) sin O

The equivalent system is

0=ww=0%A—c050)SINO .orrrrrrrrrrerrrrrrrrrerr e (12.22)

The differential equation of integral curves

do Q2(A—cos 6)sin 6

- . (12.23)

The critical points are
0 =0,+m,cos™ A

The corresponding 6,4 diagram is shown in figure-2.7 with remains in which
f(68, 4)>0 shown in shading. The stable and unstable critical points of the diagram are
shown by the closed dots and open dots respectively. The former corresponds to the
critical point of type centre and later to these the saddle point.

y

-..——'-“'.-,J-’,—-_-

The energy integral in this case is given by

w? = Q?[sin? 0 4+ 2A(coSO 4+ 1)]  ceveere e (12.24)



In this equation the energy constant is £(= Q?2) has been determined by the
condition by separatrix passes through the saddle point 8 = +m,0 = 0. As there also

exists a second separatrix corresponding to 8 = 0,6 = 0 for which the energy constant
is £ = —Q?1. We have the relation

w? = Q%[sin? 0 + 22(cos 0 — 1)]  cooverecvve e (12.25)

¥

N N\,
/x\/f\

Fig shows in the phase diagram. The differential equation (12.21) with the
separatrices the points A(say) to B(say) corresponding to (12.24) and (12.25)
respectively.

It is to be noted that the centre at origin for Q=0 becomes a saddle point for
QO+ 0 in which case there appear two centresc; and ¢, symmetrically placed about the
origin. The periodic motion about the centres(within the integral separatrix B are
symmetrical). When the energy constant ¢ reaches the value corresponding to the
separetrix B, the motion changes is character and takes place around two centres ¢; and
¢, and the saddle point S about the origin being still inside the internal separatrix A. in
this case, the motion is still oscillation with velocity decreasing in the nbd of 68 = 0. If
the energy constant is further increased and the separetrix A is crossed.

If A - 0i.e, Q- oo, the two separatrix A and B approaches each other and the
centres ¢; and c, approach to the point 8 = +r respectively.

If A < 1, the phase diagram changes again there approach to a centre C, but the
intermediate structure of trajectories disappear. If A =1 is the critical or bifurcation
value of the parameter.

12.5 Hamiltonian Systems in the Plane:

A system of differential equations on R?is said to be Hamiltonian with one
degree of freedom if it can be expressed in the form
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dx _ dH dy _ dH

e S — (12.26)

where H(x, y) is a twice differentiable function. The system is said to be conservative
and there is no dissipation. The Hamiltonian is defined by

Hxy) =K y) +V(xy)
where K is the kinetic energy and V is the potential energy.
Theorem 12.1: Conversation of Energy:
The total energy H(x, y) is first integral and a constant of the motion.

Proof:The total derivative alone a trajectories is given by

dH dex+dey
dt  dxdt dydt

dHdH dHdH

Thus H(x, y) is a constant alone the solution curves of (12.26) and the trajectories on
the Contour’s are defined by H(x, y)=c, where c is constant.

Definition:A critical point of the system ¥= f(&), € R? at which the Jacobian matrix has
non-zero eigen values is called the non-degenerate critical point, otherwise it is called
degenerate critical point.

Theorem-12.2:

Any non-degenerate critical point of an analytic Hamiltonian system is either a saddle
point or a centre.

Proof:

Assume that the critical point is at the origin. The Jacobian matrix is given by

/aZH(o,O) d2H(0,0) \

dxdy dy?
Jo= 2 2
92H(0,0)  92H(0,0)
0x? d0xdy

92H(0,0) 02H(0,0) _ (62H(O,0))2

Now, det/,= 2 32 Sy

The origin is the saddle point if det/, < 0 and the centre or focus if det J, > O.
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Note that the critical points of the system (2.26) corresponds to a stationary
points of the surface z =H(x, y). If the origin is the focus then the origin is not a strict
local maximum or minimum of the Hamiltonian function. Suppose that the origin is a
stable focus then H(xg,y) = lim, H(x(t, x0, o), ¥(t, x9, Vo)) = H(0,0) for all
(x0,Y0)E N.(0,0) where N.(0,0) is a small deleted nbd of the origin. However H(x,
y)>H(0,0) at the local minimum and H(x, y)<H(0,0) at the local maximum. A similar
point can be applied when the origin is an unstable focus.

Therefore, the non-degenerate critical point is either a saddle point or a centre.

Example 12.2:Find the Hamiltonian for each of the following systems and sketch, the
phase path

a) x=y,y=x+x?
b) x =y +x%—y%y=—x—2xy
Solution:
a) Phase path
_0 1= _
]_|1 O|_ 1<0
Therefore, (0, 0) is saddle point.
_|10 1_
and]—|_1 Jf=1>0

Therefore, (—1, 0) is centre.

b) We have

or,ydy + xdx — y*dy + 2xydx + x*dy = 0
Integrating we have,

H(x, y)= %xz + %yz + x%y — §y3 = Constant.



31
27 2
degenerate. The critical point at (0, 0) is centre and those are other points are saddle

Critical points are at (0, 0), (?,— %) and (— ) which are all non-

points.

Exercises:

Exercisel: The equation X + kx + yx3 = 0,k > 0 describes the motion of a hard spring
ify > 0 asoft spring ify < 0.

Hint:

Case-1:

Ify >0,

The critical point is (0, 0) which is minimum and it is a centre.
Case-2:

Ify <0,
The critical point are at (0, 0) and (% ’—s ,0), (0, 0) is minimum and it is a centre.

(= /—S ,0) is maximum and it is saddle point.

Exercise2: Find the equation of the path ¥ — x + 2x3 = 0 and sketch of the path in the
phase-plane. Locate the critical points and determine the nature of each.

Hint:
The critical points

(0, 0) is maximum and it is saddle point and (+ 70 0) is minimum and it is a centre.

Exercise3: For each of the following systems, sketch the solution trajectories in the
phase plane and the indicate on the sketch there critical points and their types as well as
separatrices:

i) u+u—2u’=0
ii) u—u+u’=0
i) utu+ud=0
v) u-u-u*=0
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V) ii+ud =
A

vi)  dtu—-—=0
Hints:
(i) and (iii) — One centre and two saddle points.
(ii) and (iv) = Two centre and one saddle points.
(v) = One centre.

(vi) = if 1 <0, then it has two centre.

if A =0, then it has one centre.

2
ifo<A< a:, then it has one saddle point and centre.

2
ifA> aT, then it represents no critical point.
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UNIT-13

Limit Cycles: Poincaré-Bendixon theorem (statement only). Criterion for the existence of
limit cycle for Liénard’s equation.

13.1 Introduction:

We have already encountered autonomous systems having closed paths. For example,
the system has a center at (0,0) and in the neighborhood of this center there is an infinite
family of closed paths resembling ellipses (see Figure 13.21). In this example the closed
paths about (0,0) form a continuous family in the sense that arbitrarily near to any one of the
closed paths of this family there is always another closed path of the family. Now we shall
consider systems having closed paths which are isolated in the sense that there are no other
closed paths of the system arbitrarily near to a given closed path of the system.
What is the significance of a closed path? Given an autonomous system

dx
E_ P(X,y),

13.1

Z—f =Q(x, ), A
one is often most interested in determining the existence of periodic solutions of this system.
It is easy to see that periodic solutions and closed paths of are very closely related. For, in
the first place, if x = f;(t),y = g1(t), where f; and g; are not both constant functions, is a
periodic solution of (13.4), then the path which this solution defines is a closed path. On the
other hand, let C be a closed path defined by a solution x = f(t),y = g(t), and suppose
f(ty) = x0,9(ty) = yy. Since C is closed, there exists a value t; =t, + T, where T > 0,
such that f(t;) = xo, g(t1) = yo. Now the pair x = f(t + T),y = g(t + T) is also a solution
of (13.4). At t = t, this latter solution also assumes the values x = x,,y = y,. the two
solutions x = f(t),y =g(t)and x = f(t+T),y = g(t + T) are identical for all t. In other
words, f(t+T) =f(t),gt+T) = g(t) for all ¢, and so the solution x = f(t),y = g(t)
defining the closed path C is a periodic solution. Thus, the search for periodic solutions falls
back on the search for closed paths.Now suppose the system has a closed path C. Further,
suppose it possesses a nonclosed path C; defined by a solution x = f(t),y = g(t) and
having the following property: As a point R traces out C; according to the equations x =
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f(t), y = g(t), the path C; spirals and the distance between R and the nearest point on the
closed path C approaches zero either as t — +oo or as t — —oo. In other words, the nonclosed
path C; spirals closer and closer around the closed path C either from the C; approaches C
from the outside).
In such a case we call the closed path C a limit cycle, according to the following definition:

13.2 (Definition):
Poincare showed that the differential equation of the form

x=x00Y), Yy =y(6Y) i (13.2)

Admits occasionally special solutions represented by the closed curves in the phase-plane
which called limit cycles. A limit cycle is called closed trajectory (hence the trajectory of
periodic solution) such that no trajectory sufficiently near to it is closed. In other words a
limit cycle is an isolated closed trajectory. Every trajectory beginning sufficiently near a limit
cycle approach it for t — oo or for t - —oo i.e., it either winds itself upon the line cycle or
unwinds form it. In all nearby trajectories approach a limit cycle C as t — oo, we say that C is
stable (figure 13.1a), if they approach C as t - —oo, we say that that C is unstable(figure
13.1b). It is trajectories on one side of C approach it while those on the other side depart from
it, we say that C is semi-stable(figure 13.1c).

stable unstable half-stable
limit cycle limit cycle limit cycle
Figure 13.1a Figure 13.1b Figure 13.1c

Stable limit cycle unstable limit cycle semi-stable limit cycle
(t = ) (t—> —) (> oandt - —o0)
13.2 Example of Limit Cycles:

a) Consider the system
X =)’+Jx+7{1— (x* +¥2)}
y=—x+ JjTyz {1 = (24 YD)} o, (13.3)

It polar co-ordinates it becomes,
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t=y+>(1-r?),y=—x+2(1—r?) (Since x = rcosd, y = rsind)

Noting that, xx+yy = %;—t(rz) and xy — yx = =120 (X = X cos@ —rsinf and y =
sin @ + rcos 6.0)

We get,

1d x y
S ) =xly+ A=) +y{—x+ -1 - 1)

or, 77 =1(1 —r?)
and-r20 = y{y +§(1 -r?)+ x{—x + %(1 - rz)} =(x%+y?) =ri
i.e.,0 = —1 = Constant.

Since 8 = Constant, so the radius vector with constant angular velocity. The
equation are 7 = (1 — r2)on integration leads to

_ Ae?t-1
T Ae?t41
Initially, t =0thenr =1y = % where 1, (# 1) being the initial value of r.

Now r —» 1 ast — o and the limit cycle in the case is a circle of radius unity. If
(ro>1) the spiral winds itself onto the circle. If r = 1 from the inside. The limit cycle in this
case is stable.

b) Consider the differential equation
x=-y+x(x*+y*-1)
y=x+y(x?+y2—1) (13.3)

The polar equations those equation given by
F=r(1-12),0 =1.
The equation 7 = r(1 — r?) tends to the solution

5 1

T T " det

When t — oo thenr =0 i.e., the path does not exists.
Thus r - 1 ast — —oo. Hence the limit cycle r = 1 is unstable.

(c) The differential equations
X=y+xyx%+y2(x?+y%-1)>?
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¥ =—x +y/x? +y2(x? + y2 — 1)?
Gives an example of semi-stable limit circle. In the polar co-ordinates the system reduces to
F=r?(1-7%?)?20 = —1.
and the equation of first two differential equation leads to the required limit cycle.

Note: The phase portrait for the equation tells the story. The equilibrium point r=0 is a source
whereas r=1 is a node because 7>0 for 0<r<1 and r>1 as well. The graphical interpretation of
this fact is that the unit circle described by r=1 is a semi-stable limit cycle. Trajectories
approach the unit circle from inside it whereas trajectories that start outside escape the unit
circle.

13.3Negative Criterion of Bendixon:

Bendixon establish a theorem for the non-existence of the limit cycles and this
theorem is known as negative criterion of Bendixon and given a sufficient condition.

Theorem-13.1: Given a system of differential equations x = X(x,y),y = Y(x,y); the
negative condition of Bendixon states that if the expansion g—+ does not change its

sign(or vanish identically) within a region D of the phase plane R?, no closed trajectory can
exists in D (where D is simple connected domain).

Proof:

By Green’s theorem we have,

8X BY
ff dxdy = ff(Xdy — Ydx)
c

In the contour C even which the integration is performed in a closed trajectory of the
equations, the line integral

f(Xdy —Ydx)

C

=¢.(Xy —Yx)dt
=¢.(ty—yx)dt =0

This contradicts the hypothesis according to which the double integral can not vanish
which implies if (Z—f + Z—§) does not vanish or change it sign, then no closed path exists in D.
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13.4: Poincare-Bendixon Theorem (P-B Theorem):

Statement: Let D be the bounded region of phase-plane together with its boundary and
assume that D does not contain critical point of the system x = X(x,y),y = Y(x,y). If C =
[x(t), y(t)] is the path of the given system that lies in D for all t > t, then C is either a closed
path or spirals towards a closed path as t — co. Thus in system has a closed path in D.

Example-1:

a) Show that the following non-linear autonomous system x = 4x + 4y — x(x? +
y2),y = 4x + 4y — y(x? + y?) has a periodic solution.

b) Show that the equation ¥ + f(x)x + g(x)x = 0 can have no periodic solution whose
path lies in a region where f is of one sign(Applied negative criteria of Bendixon).

13.5Lienard’sEquation: The equation of the form

E+fO)x+gl)x=0 (13.5)

is generally known as Lienard’s equation. It is a suppose that f(x) is a positive when |x| is a
large and negative and |x| is small, and g(x) is such that in the absence of the damping term
f(xX)x we exposed periodic solutions for small x.

Letusputx =y —F(x),y = —g(X) oo, (13.6)
where F(X)= [ f(w)du
Statement of Lienard’s Theorem:

The equation X + f(x)x + g(x)x = 0 has a unique periodic solution if f(x) and g(x)
are continuous and

(1 F(x) is an odd function.

(i) F(x) =0 onlyat x =0 and x = ta for some a > 0.
(iii)  F(x)— oo as x— oo monotonically for x > a.

(iv)  g(x) is an odd function.

Note-1:The unique periodic solution corresponds to a unique closed path surrounding to
origin in the phase-plane and this path is approached spirally (by every other path) as t — co.

Note-2:The general pattern of the path can be obtained from the following consideration.

(@) If [x(t), y(t)] is a solution, so is [—x(t), —y(t)] (since F(x) and g(x) are odd). Thus the
phase diagram is symmetrical about the origin.
(b) The slope of the path is given by

dy _ —g(x)
S SRS e (13.7)

so the path are horizontal only on x = 0(by(iv)) and vertical only on the curve y =
F(x). About y = F(x), x > 0 and below x < 0.
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() y>0ifx>0andy > 0if x < 0(by (iv)).
Lienard’s Criterion for the Existence of Limit Cycle:

Letv(x,y) = f; FAAU+3Y? o) (13.8)

where % y? may be regarded as K.E and G(x) = f; f(w)du as the potential energy so that
v(x,y) is the total energy stored in the oscillation. Alone the element of the path we have,

d —F
dv = gdx + ydy = g(x)ﬁdy + ydy = g(x)y_g—(ix))dy + ydx = F(x)dy

The energy exchange of the system is [ F(x)dy and if the system is in a stationary
state of the oscillation alone the closed path C then we have,

GPFO)AY =0 (13.9)

This linear integral is to be taken alone a trajectory. Equation (13.9) is Lienard’s
Criteria for the existence of the limit cycle for Lienard’s equations (13.5).

13.6 Lienard’s Method of Constructing Integral Curves.
Consider the equation

)+ 0*x=0 i, (13.10)

Let T = wt and then the equation (13.10) transformed into

X () +wix =0 (13.11)

where prime indicates derivative w.r.to r and @(x) = i f(wx?).

Putting x = y,y' =—@p(y) —x

We have the following differential equations for the trajectories

dy _  e()+x
ol S e (13.12)

To draw the trajectories, we first plot the curve x = —¢(y) on the phase plane.

To initiate the trajectory passing through point A, we draw the line parallel to the x-axis
intersecting the curve x = —¢(y) at the point B. Construct the line BC parallel to the y-axis,
intersecting the x-axis at the point C. Then the line CA is perpendicular to the direction field
at A, because the slope of CAis

BC _ ¥
AB x+o ()
short line segment AA, alone the direction field. Then starting with A, we repeat the process.

We draw a line from A perpendicular to AC and approximate the integral by the
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13.7 Asymptotic Cases of Lienard’s Equation:
We consider Lienard’s equation with parameter u in the form
E+pfO)x+x=0 ., (13.13)

and we pass to the asymptotic case ¢ — 0 and u — oo. Let us put x =y — uF(x)and y =
—x where F(x) = [ f (u)du. Then we have

dy | x
TS =0 (13.14)

Let y = uz, then the equation (13.14) is transformed into

dz _ x
S I e (13.15)

If u> 1, for some X, the integral curves are smaller slopes than previously. If u — oo then

Z—i — 0 thus for increasing u the integral curves exhibit flat portions parallel to the x-axis.

In the asymptotic case u — oo then equation (13.15) reduces to [z — F(x)]dz= 0. This
suggest that the integral curve consists of two branches : on one of them there exists the
relation. z = F(x) and on the other dz = 0 i.e., this branch the straight line parallel to the x-
axis.

y= F(x)

In other to investigate the velocity of the representative point R(x(t), y(t)), we have

% =u[z—F(x)]and z = —5 ............... (13.16)
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In R follows the branch z = F(x), in the asymptotic case when u is large, the velocity
x is finite. For the second branch z # F(x), x is large. Thus the horizontal branches (z =
constant) are traversed with a very high velocity, where the characteristic F(x) is traversed
with a finite velocity. This gives rise to a situation shown in figure 3.3 corresponding to f(x)

=x? —1ie., F(X)= §x3 — x, as in the case of Van der Pol equation % + u(x? — )x +x =
0.

The point R follows F(x) upto the point where the second branch z = constant. On this
branch BC, the point acquired a very high velocity and practically in no time. At C begins
again the first branch traversed with finite velocity upto the point D where another jump DA
begins thus closing, the curve BCDAB consisting of two distinct branches.

The second asymptotic case i.e., when p is small, is less integrating. Here Lienard’s
equation can be written as

xdx + ydy — uF (x)dy = 0.

which reduces to xdx + ydy = 0 when u — 0 which gives a x? + y? = constant family of
concentric circle with centre at origin.

Definition 1:

Let C be a path of the system (13.1) and let x = f(t), y = g (t) be a solution of (13.1) defining
C. Then we shall call set of all points of C for t> t,, where t, is some value of t, a half-path
of (13.1). In otherwords, by a half-path of (13.1) we mean the set of all points with co-
ordinates [f(t), g(t)] for t, < t < +o0. We denote a half-path of (13.1) by C™.

DEFINITION 2:

Let C*be a half-path of (13.4) defined by x = f(t),y = g(t) for t > t,. Let (x1,y,) be a
point in the xy plane. If there exists a sequence of real numbers {t,},n = 1,2, ..., such that
t, > +o and [f(t.)g(t,)] = (x1,y1) as n - +oo, then we call (x;,y;)a limit point of C*.
The set of all limit points of a half-path C*will be called the limit set of C*tand will be
denoted by L(C*).

Example:
The paths of the system (13.3) are given by Equations . Letting ¢ = 1 we obtain the path C
defined by

cosi ¢
X =—),
V1+e 2t
sinid
y= 7
V1+e 2t
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The set of all points of € for t > 0 is a half-path C*. That is, C*is the set of all points with
coordinates

cosi‘t sinit
Vite2t' i+e2

], 0<t<+oo.
Consider the sequence 0,2m, 4, ...,2nm, ..., tending to +c0 as n = +oo. The corresponding
sequence of points on Ctis

cosiEnm sinif®nm
Vidten’' 144

], (n=01.2,..),

and this sequence approaches the point (1,0) asn — +co.

Thus (1,0) is a limit point of the half-path C*.

The set of all limit points of C*is the set of points such that x + y2 = 1. In other words, the
circle x2 + y% = 1 is the limit set of C™.

We are now in a position to state the Poincare-Bendixson theorem.

THEOREM 13.1 Poincare-Bendixson Theorem; "'Strong™* Form:

Hypothesis

1 Consider the autonomous system

2 _ pox .
g; (x,¥) (13.1)
d_t: Q(x'y)l

where P and Q have continuous first partial derivatives in a domain D of the xy plane. Let D
be a bounded subdomain of D, and let R denote D, phus its boundary.

2 Let C*defined by x = f(t),y = g(t),t = t,, be a half-path of (I/3,1) contained
entirely in R. Suppose the limit set L(C*)of C*contains no critical points of (13.1).
Conclusion. Either (I) the half-path C™is itself a closed path [in this case C*and
L(C™)are identical], ar (2)L(C*)is a closed path which C*approaches spirally from
either the inside or the outside [in this case L(C*)is a limit cycle]. Thus in either case,
there exists a closed path of (13.1) in R.

A slightly weaker but somewhat more practical form of this theorem may be seen at once. If
the region R of Hypothesis 1 contains no critical points of (13.4), then the limit set L(C*)will
contain no critical points of (13.1) and so the second statement of Hypothesis 2 will
automatically be satisfied. Thus we may state:
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THEOREM 13.1A Poincaré-Bendixson Theorem; ""Weak"" Form
Hypothesis

1 Exactly as in Theorem 13.1.

2 Suppose R contains no critical points of (13.1).
Conclusion, If R contains a half-path of (13.1), then R also contains a closed path of (13.1).

Let us indicate how this theorem may be applied to determine the existence of a closed path
of (13.1). Suppose the continuity requirements concerning the derivatives of P(x,y) and
Q(x,y) are satisfied for all (x,y). Further suppose that (13.1) has a critical point at (x, y,)
but no other critical points within some circle

K = (= xo + (v = yo)? =1

about (xg,v,) (see Figure 13.31). Then an annular region whose boundary consists of two
smaller circles K;: (x — x)? + (y — y9)? =r? and Ky: (x — x)? + (y — ¥9)? = r#, where
0<r <r, <r, about (x,,y,) may be taken as a region R containing no critical points of
(13.1). If we can then show that a half-path C*of (13.1) (for t > some t, ) is entirely
contained in this annular region R, then we can conclude at once that a closed path C, of
(13.1) is also contained in R.

The difficulty in applying Theorem 13.1A usually comes in being able to show that a half-
path Ctis entirely contained in R. If one can show that the vector [P(x,y),Q(x,V)]
determined by (13.1) points into R at ever y point of the boundary of R, then a path C
entering R at t = t, will remain in R for t > t, and hence provide the necded half-path C*.

Example:
Consider again the system (13.3) with critical point (0,0). The annular region R bounded by

x? + y? =% and x2 + y2 = 4 contains no critical points of (13.3). If we can show that R
contains a half-path of (13.3), the Poincaré-Bendixson theorem (“weak" form) will apply.
In our previous study of this system we found that

dr
—_—= — 72
7t r(1—1r2)

for r > 0, where r = /x2 + y2. On the circle x%+y? = i, dr/dt >0 and hence r =

Jx2 + y? is increasing. Thus the vector [P(x,y), Q(x,y)] points into R at every point of this

inner circle. On the circle x% + y? = 4,dr/dt < 0 and hence r = \/x% + y? is decreasing.
Thus the vector [P(x,y), Q(x,y)] also points into R at every point of this outer circle. Hence
a path C entering R at t = t, will remain in R for t > t,, and this provides us with the needed
half-path contained in R.

Thus by the Poincark-Bendixson theorem (“weak™ form), we know that R contains a closed
path C, - We have already seen that the circle x? + y2 = 1 is indeed such a closed path of
(13.3).
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13.6 The Index of a Critical Point:

We again consider the system (13.1), where P and Q have continuous first partial derivatives
for all (x,y), and assume that all of the critical points of (13.1) are isolated. Now consider a
simple closed curve* C[not necessarily a path of (13.1)] which passes

13.7 The Lienard-Levinson-Smith Theorem and the van der Pol Equation:

Throughout this chapter we have stated a number of important results without proof. We have
done this because we feel that every serious student of differential equations should become
aware of these results as soon as possible, even though their proofs are definitely beyond our
scope and properly belong to a more advanced study of our subject. In keeping with this
philosophy, we close this section by stating without proof an important theorem dealing with
the existence of periodic solutions for a class of second-order nonlinear equations. We shall
then apply this theorem to the famous van der Pol equation already introduced at the
beginning of the chapter.

THEOREM 13.2 Lienard-Levinson-Smith:

Hypothesis. Consider the differential equation

d%x dx

—ZHf)+g(x) =0 (13.17)

where £, g, F defined by F(x) = [, f(w)du, and G defined by G (x) = [, g(w)du are real
functions having the following properties:

1 fisevenand is continuous for all x.

2 There exists a number x, > 0 such that F(x) < 0 for 0 < x < x, and F(x) > 0 and
monotonic increasing for x > x,. Further, F(x) = o0 as x — oo.

g i1s add, has a continuous deribative for all x, and is such that g(x) > 0 for x > 0.

4 G(x) > oasx - o,
Conclusion. Equation (13.17) possesses an essentially unique nontrivial periodic
solution.

Remark: By "essentially unique"” in the above conclusion we mean that if x = ¢(t) is a
nontrivial periodic solution of (13.17), then all other nontrivial periodic solutions of (13.17)
are of the form x = ¢(t — t;), where t; is a real number. In other words, the equivalent
autonomous system
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Y
iy (13.18)
— = Sy —-gX),

dx

has a unique closed path in the xy plane.
One of the most important examples of an equation of the form (13.17) which satisfies the
hypotheses of Theorem 13.2 is the van der Pol equation

d?x
dt?

+u? - DT +x =0, (13.19)

where u is a positive constant. Here f(x) = u(x? — 1), g(x) = x,

F(x) =j0

X

3
pu(w? —Ddu=pu <% - x)

and

x 2

G(x) = J(-) udu = x7

We check that the hypotheses of Theorem 13.2 are indeed satisfied:

1 Since f(—x) = u(x? — 1) = f(x), the function f is even. Clearly it is continuous for
all x.

2 F(x) = u(x3/3 —x) is negative for 0 < x < /3. For x > /3, F(x) is positive and
monotonic increasing (it is, in fact, monotonic increasing for x > 1). Clearly
F(x) » c0asx — oo,

3 Since g(—x) = —x = —g(x), the function g is odd. Since g (x) — 1, the derivative
of g is continuous for all x. Obviously g(x) > 0 for x > 0.

4 Obviously G(x) = o as x — oo.
Thus the conclusion of Theorem 13.2 is valid, and we conclude that the van der Pol
equation (13.18) has an essentially unique nontrivial periodic solution. In other words,
the equivalent autonomous system
T=y
o , (13.20)
— = HAd—x%y —x,

has a unique closed path in the xy plane.

The differential equation of the paths of the system (13.93) is

dy wp(l—x*)y—x
dx y '
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Using the method of isoclines one can obtain the paths defined by (13.20) in the xy plane.
The results for u = 0.1, = 1, and u = 10 are shown.respectively. The limit cycle C in each
of these figures is the unique dosed path whose existence we have already ascertained on the
basis of Theorem 13.2. For u = 0.1 we note that this limit cycle is very nearly a circle of
radius 2 . For u =1, it has lost its circle-like form and appears rather "baggy," while for
u = 10, it is very long and narrow.

Exercises:

() Show that the equation
x24|x|-1
x2—|x|+1
(i) Show that the Van der Pol equation
equation ¥ + u(x? — 1)x +x = 0, (u > 0) has a unique periodic solution(apply
Lienard’s theorem).

X+

x + x3 = 0 has a unique period solution.

. 2, _q2x—1

Hints:x> 0, F(X)=f0xf(u)du=x+log(x2 —x+ 1)—ﬁtan 1 f/g —3"—\/5
. 2 _q2x+1

and if , x <0, F(X)=x—log(x2+x+1)—\/—§tan 1 f/; +%.
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UNIT-14

Stability: Definition in Liapunov sense. Routh-Hurwitz criterion for nonlinear systems.

14.1 Introduction:

The equation of stability is concerned with what happens a system is disturbed near an
equilibrium condition in general terms near an unstable equilibrium condition leads to a
larger and larger departure from this condition. Near a stable equilibrium condition, the
opposite is the case and the equilibrium condition may be either stationary or oscillatory.
When it is stationary, the variables of the system remain constant and when it is oscillatory,
the variable undergo continuous periodic change. The stability of a linear system is well
defined but since new type of phenomenon arises in a non-linear system, it is not possible to
use the single definition of stability which is meaningful on all cases. For this reason, stability
is defined in a number of ways.

14.2 Stability of Equilibrium Solutions (Liapunor Stability):

Consider the regular system
X= f(R,6),RED CRYEER .evoeeeieeeeeeeeee, (14.1)

with £ (%, t) continuous in % and t and Lipchitz continuous in %.
Definition-1: Liapunor Stability:

Let X(t) be a given regular complex solution of (4.1). Then X(t) is said to be
Liapunor stability for t = 0 if for any € > 0, then there exist a §(t, t,) > 0 such that

X (to) = X*(t))I < & = |[X(@) = x* ()l <€ forallt > ty............. (14.2)
where x(t) is any other solution. Otherwise X (t) is said to be unstable.
Definition-2: Uniform Stability:

If a solution is stable for t > t, and the § ofdefinition-1 is dependent of ¢,, the
solution is said to be uniformly stable on t > t,.
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It is clear that any stable solution of an autonomous system must be uniformly stable,
since the stable is invariant w,r,t time translation.

Definition-3: Asymptotic Stability:

Let X(t) be stable (or uniformly stable) solution for t > ¢,. If additionally there exists
n(ty) > 0 such that

12 (to) — X" (o)l <7
limee IX(6) —=X*(ENI=0. ............ (14.3)
Then the solution is said to be asymptotic stable (or uniformly asymptotically stable).
14.3: Stability of Periodic Solutions:
Definition-4: Liapunor Stability:

Consider the equation?c: f(a?, t) with periodic solution ¢ (t). The periodic solution is
Liapunor stable if for each t, and € > 0 we can find §(e, t,) such that

1%(to) — #to)Il < &

=X — ()|l < €, forall t > t,.

Definition-5:Poincare Stability:

Let C be a closed orbit (a closed path) of X= f(}?). We say that C is periodically or
orbitally stable if given any € > 0, we can find &§(¢) such that if R is a representative point of
another trajectory which is within a distance § of C at a time t;, then R remains within a
distance € of C for all t > ¢t, . If no such § exists, C is said to be periodically or orbitally
unstable.

Let C be the orbitally unstable. If, in addition, the distance between R and C tends to
zero ast — oo, it is said to be asymptotically periodically or asymptotically orbitally stable.

14.4: Linear Equations:

There is a large numbers of theorems of linear equations of which we state a summary
of some important results.

l. Equations with Constant Coefficients:
Consider the equation

X=AR el (14.4)

with A, a non-singular constant nxn matrix. The eigen values are solutions of the
characteristic equations
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QBt(A—AD) = 0.  \eooeeeeeeeeeeee . (14.5)

Suppose that the eigen values 4, are distinct with corresponding eigen vectors C_k’ (k=
1, 2, ..., n). In this case E,:exkt(k =1, 2, ..., n) are n-independent solutions (14.4). Suppose
now that not an eigen values are distinct, for instance the eigen value A multiplicity m>1.
This eigen value A generates m-independent solutions of the form Fo’(t)e“, F{(t)e“,
B,,_1(t)e* where B, (t), (k= 1, 2, ..., m-1) of polynomial vectors of degree k.

We compose n-independent solutions x;(t),x,(t), ..., x,(t) of equations (14.4) to
from a matrix ¢(t) with the solutions as columns

o(®) = (x1(6), x(8), o, 2, (1)

where ¢(t) is called a fundamental matrix of equation (14.4). Each solution of
equation (4.4) can be written as

() = p(6)Cy -

where C, is constant vector using the initial condition X(t,) = %,, We have the
required solution

() = @) O (E)Xy oo, (14.6)

We may choose the fundamental matrix ¢(t) such that ¢ (t,) = I, the nxn identity
matrix.

Theorem-14.1:

Consider the equation % = A% with A non-singular constant nxn matrix havingeigen
values A4, A, ..., An.

(a) If Real Ax<0, (k =0, 1, 2,...,n), then for eachx(t,) = X, € R™ and suitable positive
constants C and u er have,
X1 < clixg(®lle™  and lim,_q, X(¢) = 0.

(b) If Real Ax<0, (k = 1, 2,...,n) where the eigen values with Ax = 0 are distinct, then
%(t) is bounded for t = t,, Explicitly |[xX(t)]| < cllx ]l

(c) If there exists an eigen values Ax with real Ax>0 then each nbd of X = 0, there
are initial values such that the corresponding solutions we have,

lim [2(0)]| = +oo.

In the case (a), then solution X = 0 is asymptotically stable, in the case (b) ¥ = 0 is
Liapunor stable and for the case (c), it is unstable.

Note:The solution the equation % = A% can be written in different way by using the concept
of exponential matrix
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242
#(t) = eféwhere e’ = 1T+ At+- ... (14.7)

The fundamental motion ¢(t) and inverse can be written as
) =eMand 7 1(t) =™ (14.8)

. Equations with coefficients which have a Limit:
Consider the equation

X =AX +BOZ oo (14.9)

with A, a non-singular constant nxn matrix B(t) a continuous nxn matrix. Iflim,_ ||B(¢t)|| =
0, then the solutions of (4.9)will tend to the solutions of x = AX.

Theorem-14.2: Consider the equation® = A% + B(t)& and suppose that

(@) The eigen values Ax(k =1, 2,...,n)of A have real Ax < 0, the eigen values
corresponding to real Ax are distinct

and (b) f;:IIB(t)IIdt is bounded then the solution of equation (4.9) are bounded and

% = 0 is Liapunor stable.

Theorem-14.3: Consider the equationfc = Ax + B(t)x, B(t) is continuous for t > t, with
(a) A is constant nxn matrix having eigen values A(k = 1, 2,...,n)s.t real Ax< 0

And (b)lim, ||B(t)|| = 0, then solutions of equation(14.9) we have

lim,_. ||X(@®)]| = Oand X =0isa asymptotically stable.

Theorem-14.3: Consider the equatiom? = AX + B(t)X, B(t) is continuous for t > t, and the
property that lim,_,.,||B(t)|| = 0. If at least one eigen value of the matrix A has a +wve real

part, there exists in each nbd of ¥ = 0 solution X (t)such that lim,_ ||X(¢t)|| = +oo. The

solution # = Ois unstable.
IIIL. Equations with Periodic Coefficients:
Consider the equation
X=AMZEER ool (14.10)
with A(t) is continuous T-periodic nxn matrix i.e.,, A(t+T) = A(t).
Theorem-14.3:Floequet’s Theorem:

Consider the equation % = A(t)X,t € Rwith A(t) is continuous T-periodic nxn
matrix. Then each fundamental matrix ¢(t) of this equation can be written as the
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periodic nxn matrices in the form ¢(t) = P(t)ePt with P(t), T-periodic and B, a
constant nxn matrix.

Proof:The fundamental matrix ¢(t) is compound of n-independent solutions and
so @(t + T) is also fundamental matrix. If we putt = t + T. Then

d—)
& A -T)i =AW,
drt

Sop(7) i.e, @(t + T) is fundamental matrix. The fundamental matrices ¢(t) and
@(t + T) are linearly independent i.e., ¢(t + T) = ¢(t)C where C is non-singular
nxn matrix. There exists a constant matrix f such that C = e#t. We now proof that
@ (t)eP! is T-periodic. Let P(t)= ¢(t)e Pt then

P(t+T) =@t +T)e PED
= @(t)Ce Pte=PT
= @(t)le Pt
= p(t)e "
=P(t)
Thus, P(t) and ¢ (t)e ¢ is T-periodic.
14.6: Stability by Linearization:

The stability of linear solutions or periodic solutions can be studied by analysing
the system, linearized in the nbd. of those special solutions. The justification of
linearization method has been shown by Poincare’ and Liapunor. In this path we
require Gronwall’s inequality(see article-1.3) given as follows-

Assume that for ty <t <t,+a, a being the positive constant, we have the
estimate

() = 6, ft"“o O I o (14.11)

In which ¢(t) and ¥ (t)are continuous functions ¢(t) = 0 and ¥(t) = 0 and
61 and &, are +ve constant. Then we have forty <t <t;, +a

t
@) < 82 10 e (14.12)
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Asymptotic Stability of the Trivial Solution:
Theorem-14.6: Poincare’ Liapunor Theorem:

Consider the equation

X=A%+B()X+h@Et), €D cRt € RX(ty) =% (14.13)

Where A is a constant nxn matrix with eigen values which have all negative real points;
B(t) continuous nxn matrix with the property lim,_||X(¢t)|| = 0. The vector function

- —
h(%,t) in continuous in X and t and Lipschitz continuous in ¥ on nbd of ¥ = 0, Moreover

we have lim Ir@ol|

1 Fol 0 uniformly in t. Then there exists +ve constant c, ty, §, 4 such

that [|%,ll < & implies X < cll%lle®~t), ¢ > 0. The solution % = 0 asymptotically

stable and the alteration is exponential in a § — nbd of X = 0.

Proof':

From theorem (14.1) we have estimate for the fundamental matrix ¢@(t) of the
equation ¢(t) = Ap(t), p(ty) =1 as ¢(t) = e(*=t0), As the eigen values of A has all non-
zero real part, there exists +ve constant ¢ and such that

1XOI < cllZolle® )t = ¢t

It follows that the assumption on h and B that for § > 0 sufficiently smoll, there
exists a constant b(8) such that if || X|| < § we have

IRGE, Ol < b@IIZN, ¢ = to
and if ¢t is sufficiently large
1Bl < b(8), t > t,

The existence and uniqueness theorem shows that, in the nbd of X = 6, the
solution of initial value problem (14.13)exits for t; < t < t; and therefore, this solution
can be continued for all t > t,.

Let, ¥ = ¢(t)Z and substitutes this equation (14.13) to obtain
o7 + 907 = Ap()Z + B(O)p()Z + h(p(t)7, )

e, 7= (OB®)eM)Z+ ¢ L (Oh(p(t)Z, )as ¢(t) = Ap(t)

Integration of this expression and multiplication with ¢(t) produces for the
solutions of equation (14.13), the integral equation

107



£() = p(OF + J ot — 5+ t)[BE(S) + AE(), IS vovrrvrvrir (14.14)
where we have used the result
(p(t)(p_l(S) — eA(t—to)e—A(S—to) — eA(t—S) — Qﬂ(t —s+ tO)

Using the estimate for ¢, B and hwe have for to <t <ty
t —
IO < Nlp@IIIXoll + f lp(t —s + t)I[IBOINIZS + [[p(Z(s), ) |]ds
to

< ce M| Zo + [ ce 2D [IZ(s) lds.
So that
et |Z(D < cliFoll + [ ceroC—02b [1Z(s)llds.

Putting ¢(t) = e*o || X, ¥ (t) = 2¢h, 6, = 1,8, = cl|X,|, we obtain from
inequality (4.12)

eto LI IZ(D)| < cllXlle?eb ¢t
£ < cllXplle@eb=roIE=t0) e (14.15)

If 6 consequently b are small enough the u = yy — 2¢cb is +ve and we have the
required estimate for t, <t < t;. We choose ||X;|| such that c||%,|| < 8. So the estimate
(14.15) holds for all t > ¢,,.

Theorem-14.7:

Consider the equation
X=AZ+B)Z+R@Et),£ED CRYt € Ruoeeooeeeeeeeeereeeeesnee e (14.16)

with A(t) is T-periodic, continuous matrix; the vector function H(a‘c’, t) is continuous in

%and t and Lipschitz continuous in % for ¢ € R in the nbd of Z = 0. Moreover we have

}im% = 0 uniformly in t. If a real paths of the characteristic exponents of the

characteristic exponents of linear periodic equation
X=A®)F oo e e (14.17)

are negative, the solution X = 0 of equation (14.16) is asymptotically stable and the

attraction is the exponential in the § — nbd of X = 0.
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Proof:

Let X = P(t)Z with P(t) a periodic matrix belonging to the fundamental matrix
solution of equation (4.17). We find from (14.16)

P()Z+P(£)Z = AP()Z + h(P()7,t)
Z=P (AP = P)Z 4+ P7R(PZ,t) weovrevereeeresreerrrrsrr s (14.18)
Putting P(t)= ¢ (t)e#¢, where ¢(t) being fundamental matrix of (14.16) we have
P = ge bt + peFt (=p)
= ApeF + pe P (—p)
AP — PP

Since ¢ = A, hence (14.18) gives

The constant matrix £ has only eigen values with —ve real parts. The solution

Z =0 of solution (14.19) satisfies the requirements of the Poincare-Liapunor theorem
from which the result follows.

Theorem 14.8:

Consider the equation in R" is as follows

X=A% +BOX+RGE ), 6 =ty cooereooereeceeeeeeseeeeeeoeen (14.20)

with A aconstant nxnmatrix having eigen values of which at least one has positive real
part; B(t) is a continuous nxn matrix with the property lim;_,||B(t)||. The vector
function H(J‘C’, t) is continuous in X and t;Lipschitz continuous in X in a nbd of X = 0:if

. (X, . . o : .
moreover we have limz - Ir@oll 0, uniformly in t.The trivail solution of equation

11l
(14.20) is unstable.
Proof:

Let 6 be the non-singular constant nxn matrix. We put ¥ = § in (14.20) to obtain
Y =6TA8Y + 5 IB(0)8F + S TLR(EF, ) oo (14.21)

The solution ¥(t) is real valued, y(t) was generally be complex function. In stability of
the trivial solution of equation (14.21) implies stability of the trivial solution of 1(4.20).
For simplicity we assume that & can be chosen such that 57146 is in diagonal form form
i.e,, the eigen values 4; of the matrix A lie on the main diagonal of § 14§ and the other
matrix elements are zero. We put Re(4,)>20>0,1i=1, 2, .., kand Re(4;) <0,i =
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k+1,k+2,..,n Let R”Z =% |y;|? and r?> = ¥, .4 |y:|> . Using (4.21) we compute
the derivatives of R? and r?%; we shall use the result

d d, _ . _ _ s _ .

m ly; 12 = E(yiyi) =y, + yi¥; = 2ReA |y |* + (671B(6)69).y; + v (6 1B(£)6Y); +
(67R@5,0) 7+ (57R(55.0)

;
Now we choose € > 0, ty, § and t. For t > t; and ||y]| < &, we have
16~1B(t)6Y; < elyl,

|671R (87, 0)], < el

k n
1d
f g (R =1) 2 Y (Red =yl = > (Redi+€)lyil
i=1 i=k+1

We choose 0<e<%a and we have ReA;—e€e>0—-€>¢i=1,2,..,k and

Red; +e<¢fori=k+1,k+2,..,n

It follows that

%%(Rz — 1) > e(R2=12),t 2 t, 1Pl <6 v (14.22)

If we choose the initial values such that (R? —rz)t:to =a > 0 then we find from

(4.22)||19]1> = R? — r? > ae?(t~t), So this solution leaves the domain determined by
ly]| < &; the trivial solution is unstable.

14.7: Rough-Hunwitz Criterion for Stability of Non-Linear Systems:

Consider the autonomous system

-

e €2 N (14.23)

In order to investigate the stability of the system near a chosen a critical point,
we apply a sufficiently small disturbance to the system by choosing the X's from their
equilibrium values X,(say). If, as time t increases in definitely, all the X's return to their
original equilibrium values with increasing t, the system is unstable.

&

Consider the small variation f of the equilibrium values X,for the X's is given by
X=Xy + 5 Substituting in (14.23) and discarding term of order higher than the first in
the 5 's, we get

Sy
Il
o
Sy

............................................... (14.24)
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df . . I
where A = (ai-) = (—f) is a nxn constant matrix at the equilibrium state
/ d(x1x2,%n)/ 7=z,

—

X = X,. We assume that the matrix A is non-singular i.e., det A # 0.
The characteristic equation is

det (A—AI)=0, when expanded, leads to an equation of the form

A" + @ A" b et @, Ay =00 e (14.25)

It was shown by Liapunor that if Re4 < 0, the corresponding equilibrium state is
stable; if at least of equation (14.25) has a +wve real roots, the equilibrium isunstable.

We construct a set of n-determinants of the n-th degree equation (14.25) is as

follows
aq a 0 0
aq a 0
a; Qg a, a; ag O
A= a4, A2=|0 a2|;A3= a; a; apl, A= az a; a(l) a,
0 0 a 0 0 0 a
a, ay 0 0........0
a; a a 0.........0

and A, =

The Rough-Hunwitz criterion states that Re A < 0, provided that all the
coefficients that a;(for i = 1, 2, .., n) are +ve and all the determinants A;(fori =
1,2, ...,n) are positive also.

Nothing that A, = a, A,,_4, it follows that for stability both a,, > 0,A,_;> 0.

14.8 Linear Stability Analysis:

So far we have relied on graphical methods to determine the stability of fixed points.
Frequently one would like to have a more quantitative measure of stability, such as the rate of
decay to a stable fixed point. This sort of information may be obtained by linearizing about a
fixed point, as we now explain.

Let x* be a fixed point, and let n(t) = x(t) — x* be a small perturbation away from x*. To
see whether the perturbation grows or decays, we derive a differential equation for 7.
Differentiation yields

N
n—w& x)=x
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since x* is constant. Thus ) = x = f(x) = f(x* + n). Now using Taylor's expansion we
obtain

fGt+m) =D +nf Y+ 0@n?),

where 0(n?) denotes quadratically small terms in 7. Finally, note that f(x*) = 0 since x* is
a fixed point. Hence

n=nf (x*)+ 0.

Now if f' (x*) # 0, the 0(n?) terms are negligible and we may write the approximation
n=nf (x*).

This is a linear equation in n, and is called the linearization about x*. It shows that the
perturbation 7 (t) grows exponentially if £ (x*) > 0 and decays if f (x*) < 0. If f (x*) = 0,
the 0(n?) terms are not negligible and a nonlinear analysis is needed to determine stability,
as discussed in Example below.

The upshot is that the slope f (x*) at the fixed point determines its stability. If you look back
at the earlier examples, you'll see that the slope was always negative at a stable fixed point.
The importance of the sign of £ (x*) was clear from our graphical approach; the new feature
is that now we have a measure of how stable a fixed point is-that's determined by the
magnitude of £ (x*). This magnitude plays the role of an exponential growth or decay rate.
Its reciprocal 1/|f'(x4)| is a characteristic time scale; it determines the time required for
x(t) to vary significantly in the neighborhood of x*.

EXAMPLE-1:

integer. Then

1, keven

f (x*) = cosiikm = {_1’ % odd.

Hence x* is unstable if k is even and stable if k is odd.

EXAMPLE-2:

Classify the fixed points of the logistic equation, using linear stability analysis, and find the
characteristic time scale in each case.

Solution: Here f(N) =rN (1 - %) with fixed points N* = 0 and N* = K. Then f (N) =
r— erN andso f (0) =rand f (K) = —r. Hence N* = 0 is unstable and N* = K is stable,
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as found earlier by graphical arguments. In either case, the characteristic time scale is
1 1

o

EXAMPLE-3:

What can be said about the stability of a fixed point when ' (x*) = 0 ?

Solution: Nothing can be said in general. The stability is best determined on a case-by-case
basis, using graphical methods. Consider the following examples:

(@) x = —x3
() x = x3
(c) x = x?
di=0

Each of these systems has a fixed point x* = 0 with f (x*) = 0. However the stability is
different in each case. Which shows that (a) is stable and (b) is unstable. Case (c) is a hybrid
case we'll call half-stable, since the fixed point is attracting from the left and repelling from
the right. We therefore indicate this type of fixed point by a half-filled circle. Case (d) is a
whole line of fixed points; perturbations neither grow nor decay.

These examples may seem artificial, but we will see that they arise naturally in the context of
bifurcations-more about that later.

14.9 Existence and Uniqueness

Our treatment of vector fields has been very informal. In particular, we have taken a cavalier
attitude toward questions of existence and uniqueness of solutions tothe system x = f(x).
That's in keeping with the "applied” spirit of this book. Nevertheless, we should be aware of
what can go wrong in pathological cases.

EXAMPLE-4:

Show that the solution to x =x'/3 starting from x,=0 is not unique.
Solution: The point x = 0 is a fixed point, so one obvious solution is x(t) = 0 for all t. The
surprising fact is that there is another solution. To find it we separate variables and integrate:

f x‘1/3dx=f dt

SO §x2/3 = t + C. Imposing the initial condition x(0) = 0 yields C = 0. Hence x(t) =

2 \3/2 . .
(g t) is also a solution!

When uniqueness fails, our geometric approach collapses because the phase point doesn't
know how to move; if a phase point were started at the origin, would it stay there or would it
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i 3/2 . i
move according to x(t) = G t) ? (Or as my friends in elementary school used to say

when discussing the problem of the irresistible force and the immovable object, perhaps the
phase point would explode!)

Actually, the situation in Example 2.5.1 is even worse than we've let on-there are infinitely
many solutions starting from the same initial condition.

Existence and Uniqueness Theorem: Consider the initial value problem
x = f(x), x(0)=x,.

Suppose that f(x) and £ (x) are continuous on an open interval R of the x-axis, and suppose
that x, is a point in R. Then the initial value problem bas a solution x(t) on some time
interval (—t, 7) about t = 0, and the solution is unique.

For proofs of the existence and uniqueness theorem, see Borrelli and Coleman (1987), Lin
and Segel (1988), or virtually any text on ordinary differential equations.

This theorem says that if f(x) is smooth enough, then solutions exist and are unique. Even
S0, there's no guarantee that solutions exist forever, as shown by the

EXAMPLE-5:
Discuss the existence and uniqueness of solutions to the initial value problem x =1+
x2,x(0) = x,. Do solutions exist for all time?

Solution: Here f(x) = 1 + x2. This function is continuous and has a continuous derivative
for all x. Hence the theorem tells us that solutions exist and are unique for any initial
condition x,. But the theorem does not say that the solutions exist for all time; they are only
guaranteed to exist in a (possibly very short) time interval around t = 0.

For example, consider the case where x(0) = 0. Then the problem can be solved analytically
by separation of variables:
f dx f gt
1+x2 ’

which yields

that this solution exists only for —m/2 <t <m/2, because x(t) - +o as t - +m/2.
Outside of that time interval, there is no solution to the initial value problem for x, = 0.

The amazing thing about Example 2.5.2 is that the system has solutions that reach infinity in
finite time. This phenomenon is called blow-up. As the name suggests, it is of physical
relevance in models of combustion and other runaway processes,
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There are various ways to extend the existence and uniqueness theorem. One can allow f to
depend on time ¢, or on several variables x; ..., x;. One of the most useful generalizations will
be discussed later in Section 6.2.

From now on, we will not worry about issues of existence and uniqueness-our vector fields
will typically be smooth enough to avoid trouble. If we happen to come across a more
dangerous example, we'll deal with it then.

Exercises:

1. Discuss the stability of the equilibrium points of the systems with f(x) given by

X1 — X1X2
(@) [ Xy — X12 ]
-—4‘X2 + 2X1X2 -8
(b) | 4x? —x? ]
[ le — lexZ
© [, 2
2%, — X1 + X3
F —xy
(d) | —x2 + x{
| x5+ xf
X2 — X1
(e) kx1 — Xy — X1X3],
X1X2 — X3

Hint: In 1 (e), the origin isa sink if k < 1 and asaddle if k > 1. Itisa
nonhyperbolic equilibrium point if k = 1.

2. Use the Liapunov function V(x) = x? + x5 + x2 to show that the origin is an

asymptotically stable equilibrium point of the system
—x, —x1%5 + x% — x3
X = X+ x3 — x3
— _ 2 __ 2 _ .5
X1X3 — X3X1 — X2X3 — X3
Show that the trajectories of the linearized system x = Df(0)x for this problem lie on
circles in planes parallel to the x;,x, plane; hence, the origin is stable, but not

asymptotically stable for the linearized system.
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UNIT-15
Liapunov’s criterion for stability. Stability of periodic solutions. Floquet’s theorem.

15.1: Stability Analysis by Direct Method:

We now discusses a method of studying the stability of solution of the non-linear
system without linearising it. For this, we first defined Liapunor functions.

Liapunor functions: Consider the equation
X=FR O, EZ 02 ED CR™ oo eee e eee e (15.1)

and assume that the trivial solution satisfied the equation f(ﬁ, E) = 6, t >t 0€D.We
introduce a function V(¥,t) which is defined and continuously differentiable in

[ty, ©]xD, D c R"™. Moreoverx = 0 is an interior point of D and V(X,t) does not depend
explicitly on t and we write V(X).

The function V(¥)(with V(6)=0) is called +wvely(—vely) definite in D in
V(2)>0(<0) for # € D, % # 0. The function V(¥)(with V(0)=0) is called +vely(—vely)
semi-definite in D if V(#)=> 0(< 0) for ¥ € D, % # 0.

The function V(X, t) is called +vely(—vely) definite in D if there exists a function
w(¥) such that w(X) is defined and continuous in D, W(B) =0,0<w) <

V(Z, t)(V(Z, )< w(®) < 0) for ¥ # 0,t > t,.
To define semi-definite functions V(X, t), we replace <(>)< (=).
The function V(X) or V(X,t) is called Liapunor function.
Some examples of Liapunor function in R? are as follows
V(%) = x? + 2y?% + 322 + z3(+vely definite)
V(%) = x? + z%(+vely semi — definite)
V(%,t) = —x?sin? t — y? — 4z%(—vely definite)

where in all cases D = {xx# +y*+2z% < 1} and t = 0.
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The Orbital Derivatives:

The orbit derivative L, of the function of the function V(X, t) in the direction of the

vector field %, where % is a solution of ¥ = f(a_c’, t) is defined by

v av
LV =—+—X%
t 6t+6f

v v 2,
—E+§f(x,t)

v

v v v
o Tax 1w t) + 3= fo (1) + oot 7= fo (i, ).

Theorem-15.1: First Theorem of Liapunov:

Consider the equation X = f(ic’, t) with f(ff, t) =0,X€EDCR",t> to. If a
Liapunor function V(X, t) can be found, defined in a nbd of ¥ = 0 and positively definite for

t = t, with orbital derivative negatively semi-definite, the solution X = 0 is stable in the
sense of Liapunor.

Proof:
— e

//
-
¥ ¥a
( {\ (
\\ \‘

D |

—

In the nbd. of ¥ = 0 we have for the certain R>0 and ||%|| < R, V(X,t) > w(X) is

defined and continuous in D, W(B) = 0 and L, is the orbital derivative of V.

Consider the spherical shell B, given by 0<7r<||X]|<R and put
m = mingcz w(®). Consider now a nbd & of = 0 with the property that if € 8, V(¥,t) <
m. Since V(X, t) is continuous and +wvely definitely with V(B, t) = 0, such a nbd exists. The
solutionin § at t = t;, the solution can never enter B as we have fort > t,.

V(E (), £) — V(Z(ty), t)= f; L, V(%(1),7)dt < 0.

In other words, the functionV(X, t) can not increase alone a solution and this would
be necessary to enter B as initially V(X (t,), to)<m.

We can repeat the argument for arbitrarily small R from which follows the stability.
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Theorem-15.2: Second Theorem of Liapunov:

Consider the equation X = f()'c’, t) with f(ff, t) =0X€EDCR,t> to. If a
Liapunor function V(%, t)can be found defined in a nbd of = 0 which for t > ¢, is +vely

definite in this nbd with —vely definite orbital derivative, the solution =0 is
asymptotically stable.

Proof:

In the nbdxX
tpand L,V < 0.

0, we have R>0and ||X|| <R V(G t) =>w®) >0%#0,t>

where w(X) is defined and continuous in D, w(_ﬁ) = Oand L, is a orbital derivative of V.

It follows from theorem-15.1 that ¥ = 0 is stable solution. Suppose that there is a
solution X(t) and a constant a>0 such that ||X(t)|| = a for t = t;, when arbitrarily close to
zero. The solution remains in the spherical shell B: a < ||X(t)|| < R,t = t,, we have
LV <—u,u>0.

VEE), ) — V(E(t), ) = ffo L, V(Z(1),7)dt

< —u(t —to)

On the other hand, we know that V(%,t) is +vely definite, where as from the above

V(X, t)becomes —ve after sometime. This is a contradiction. Hence the solution X = 0 is
asymptotically stable.

Note: A function V(X, t)satisfying theorem-15.1 is called weak Liapunor function and that
which satisfies theorem-15.2 is known as strong Liapunov function.

Theorem-15.3: Third Theorem of Liapunov:

Consider the equation X = f()?, t) with f(ﬁ, t) =0,€DcCR",t> to. If there

exists a Liapunor function V(%, t)in a nbd of ¥ = Osuch that:

(a) V(%,t) = 0 as ||X]| = 0 uniformly in t.

(b) L,V is +vely definite in the nbd of % = 0.

(c) From the certain nbd of t = t; > t,, V(X,t)takes +ve values in each sufficiently
small nbd of % = 0.

Then the trivial solution ¥ = 0 is unstable.
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Proof:

For certain +ve constant aand b , we have with # # 0 and ||%|| < a and LV(%,t) =
w(x) > O(by (b)), where w(X) defined and continuous in D, w(ﬁ) =0.

If possible suppose that X = 0 is a stable solution. Then there exists an € > 0 with
1Xo]] < €, we have|lX(t)|| < a fort = t;.

Using assumption (c), we can choose X, such that V(xg, t;) > 0. We find the solution
X(t) which start in X, at t = t;.

t

VED),£) = V(g 1)) = j L, V(E(D),1)dr > 0.

t1

So, V(X,t) is non-decreasing. Consider now the set of points X with the property
that V(X,t) = V(xg,t;) and ||X]| < a. This set is contained in the spherical shell B;(say)
givenby 0 <7 < ||X|| < a.

Let, u = infw(x) > 0

S VE®), L) — V(o t1) = u(t — t).

So, for ||X]| < a, V(X,t) becomes arbitrarily large which is a contradiction. Hence the

solution ¥ = 0 is unstable.

Note:

(1) Theorem (15.1)—(15.3) are also the true for autonomous equation X = f)(ic’) and
the fields are analogous.

(2) Let, the solution Z = 0 of the autonomous system ¥ = f(¥) be asymptotically
stable. A set of points X, with the property that for the solution of X =
f (%),x(t) = %y, we have

%(t) » 0 ast — o is called the domain of attraction of ¥ = 0.

Theorem-15.4:Floequet’s Theorem:

Consider the equation % = A(t)X,t € Rwith A(t) is continuous T-periodic nxn
matrix. Then each fundamental matrix ¢(t) of this equation can be written as the
periodic nxn matrices in the form ¢(t) = P(t)eft with P(t), T-periodic and B, a
constant nxn matrix.

Proof:The fundamental matrix ¢(t) is compound of n-independent solutions and
so @(t + T) is also fundamental matrix. If we putt = t + T. Then
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d—)
& A -T)i =AW,
dt

Sop(7) i.e, @(t + T) is fundamental matrix. The fundamental matrices ¢(t) and
@(t + T) are linearly independent i.e.,, ¢(t +T) = ¢@(t)C where C is non-singular
nxn matrix. There exists a constant matrix f such that C = e#t. We now proof that
@(t)ePt is T-periodic. Let P(t)= ¢(t)e Pt then

P(t+T) = @(t+T)e PED
= @(t)CePtePT
= @(t)le Pt
= p(t)e "
= P(t)
Thus, P(t) and ¢ (t)e ¢ is T-periodic.

15.2 Stability and Liapunov Functions:
In this section we discuss the stability of the equilibrium points of the nonlinear system

x = f(x) (15.2)

The stability of any hyperbolic equilibrium point x, of (15.2) is determined by the signs of
the real parts of the eigenvalues 4; of the matrix Df(x,). A hyperbolic equilibrium point x, is
asymptotically stable iff Re(/lj) <0forj=1,..,n; ie, iff Xy is a sink. And a hyperbolic
equilibrium point x, is unstable iff it is either a source or a saddle. The stability of
nonhyperbolic equilibrium points is typically more difficult to determine. A method, due to
Liapunov, that is very useful for deciding the stability of nonhyperbolic equilibrium points is
presented in this section.

Definition 1. Let ¢, denote the flow of the differential equation (15.2) defined for all t € R.
An equilibrium point x, of (15.2) is stable if for all £ > 0 there exists a § > 0 such that for
all x € Ns(x() and t = 0 we have

¢t(x) € Ne(XO) =

The equilibrium point x, is unstable if it is not stable. And x, is asymptotically stable if it is
stable and if there exists a & > 0 such that for all x € Ns(x,) we have

lim ¢, (%) = xq

Note that the above limit being satisfied for all x in some neighborhood of x, does not imply
that x, is stable. It can be seen from the phase portraits that a stable node or focus of a linear
system in R? is an asymptotically stable equilibrium point; an unstable node or focus or a
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saddle of a linear system in R? is an unstable equilibrium point; and a center of a linear
system in R? is a stable equilibrium point which is not asymptotically stable.

It follows from the Stable Manifold Theorem and the Hartman-Grobman Theorem that any
sink of (15.2) is asymptotically stable and any source or saddle of (15.2) is unstable. Hence,
any hyperbolic equilibrium point of (15.2) is either asymptotically stable or unstable. The
corollary provides even more information concerning the local behavior of solutions near a
sink:

Theorem 15.5. If x, is a sink of the nonlinear system (15.2) and Reii{}}; ) < —a < 0 for all of
the eigenvalues 4; of the matrix Df(x,), then given & > 0 there exists a § > 0 such that for
all x € Nys(x,), the flow ¢, (x) of (1) satisfies

| (X) — x| < ee™

for all t=0.
Since hyperbolic equilibrium points are either asymptotically stable or unstable, the only time
that an equilibrium point x, of (15.2) can be stable but not asymptotically stable is when
Df(x,) has a zero eigenvalue or a pair of complex-conjugate, pure-imaginary eigenvalues
A = tib. It follows from the next theorem, proved in [H/S], that all other eigenvalues 4; of

Df(x,) must satisfy Reif; ) < 0 if x, is stable.

Theorem 15.6. If x, is a stable equilibrium point of (15.2), no eigenvalue of Df (x,) has
positive real part.

We see that stable equilibrium points which are not asymptotically stable can only occur at
nonhyperbolic equilibrium points. But the question as to whether a nonhyperbolic
equilibrium point is stable, asymptotically stable or unstable is a delicate question.

The following method, due to Liapunov (in his 1892 doctoral thesis), is very useful in
answering this question.

Definition 2. If f € C'(E),V € C'(E) and ¢, is the flow of the differential equation (15.2),
then for x € E the derivative of the function V (x) along the solution ¢, (x)

. d
V() = V(g:(x) o DV (x)f(x)

The last equality follows from the chain rule. If V(x) is negative in E then V(x) decreases
along the solution ¢,(x,) through x, € E at t = 0. Furthermore, in R?, if V(x) < 0 with
equality only at x = 0, then for small positive C, the family of curves V(x) = C constitutes a
family of closed curves enclosing the origin and the trajectories of (1) cross these curves from
their exterior to their interior with increasing t; i.e., the origin of (1) is asymptotically stable.
A function V:R"™ — R satisfying the hypotheses of the next theorem is called a Liapunov
function.
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Theorem 15.7. Let E be an open subset of R* containing x,. Suppose that f € C!(E) and
that f(x,) = 0. Suppose further that there exists a real valued function V € C*(E) satisfying
V(xo) =0 and V(x) > 0 if x # x,. Then (a) if V(x) < 0 for all x € E,x, is stable; (b) if
V(x) <0 for all x € E ~ {x,},x, is asymptotically stable; (c) if V(x) > 0 for all x € E ~

{x0}, X¢ is unstable.

Proof. Without loss of generality, we shall assume that the equilibrium point x, = 0. (a)
Choose & > 0 sufficiently small that N.(0) c E and let m, be the minimum of the

continuous function V(x) on the compact set
S, ={xeR"||x|=¢€}.

Then since V(x) > 0 for x # 0, it follows that mg > 0. Since V (x) is continuous and
V' (0) = 0, it follows that there exists a & > 0 such that |x| < & implies that V' (x) < m,.

Since V(x) <0 forx € E , it follows that V (x) is decreasing along trajectories of (1). Thus,

if ¢, is the flow of the differential equation (1), it follows that for all x, € Ns(0) and t = 0

we have
V(. (x0)) < V(x) < M.

Now suppose that for |x,| < & there is a t; > 0 such that |qbtl (x0)| = ¢&; i.e., such that

¢¢, (Xo) € S,. Then since m, is the minimum of V(x) on S, this would imply that

V (¢, (x0)) 2 m,

which contradicts the above inequality. Thus for |x,| < 6 and t > 0 it follows that

lp, (x0)| < & i.e., 0'is a stable equilibrium point.

(b) Suppose that V(x) < 0 for all x € E. Then V (x) is strictly decreasing along trajectories of
(1). Let ¢, be the flow of (1) and let x, € N (0), the neighborhood defined in part (a). Then,
by part (a), if [xo] < &, ¢.(x¢) < N.(0) forall t = 0. Let {t,} be any sequence with t;, — .
Then since N, (0) is compact, there is a subsequence of {¢tk (xo)} that converges to a point in

N, (0). But for any subsequence {t,} of {t;} such that {¢tn (x¢)} converges, we show below
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that the limit is zero. It then follows that ¢,, (x,) — 0 for any sequence t;, — oo and therefore
that ¢,(xy) » 0 as t — oo; i.e., that 0 is asymptotically stable. It remains to show that if

¢, (Xo) = yo. then y, = 0. Since V(x) is strictly decressing along trajectories of (1) and

since V ((;btx (Xo)) — V(y,) by the continuity of V, it follows that

V(¢ (x0)) > V(yo)

forall t > 0. But if y, # 0, then for s > 0 we have V (¢, (y,)) < V(y,) and, by continuity, it
follows that for all y sufficiently close to y, we have V (¢, (y)) < V(y,) for s > 0. But then

fory = ¢, (x,) and n sufficiently large, we have

V (borr, %0)) < V(30)

which contradicts the above inequality. Therefore y, =0 and it follows that 0 is

asymptotically stable.

(c) Let M be the maximum of the continuous function VV(x) on the compact set Ng(0). Since
V(x) > 0,V(x) is strictly increasing along trajectories of (1). Thus, if ¢, is the flow of (1),
then for any § > 0 and x, € Ng(0) ~ {0} we have

V(. (x0)) > V(xg) >0
for all t > 0. And since V (x) is positive definite, this last statement implies that
gg{v(@(xo)) =m> 0.
Thus,
V(. (x0)) — V(xg) = mt
for all t = 0. Therefore,
V(p,(x0)) >mt >M
for t sufficiently large; i.e., ¢, (x,) lies outside the closed set N, (0). Hence, 0 is unstable.

Remark. If V(x) = 0 for all x € E then the trajectories of (1) lie on the surfaces in R™ (or
curves in R? ) defined by
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V(x) =c.

Example 15.1. Consider the system

D.C1=—x23
. 3
Xy = X{.

The origin is a nonhyperbolic equilibrium point of this system and
V(x) = x{ + x5
is a Liapunov function for this system. In fact
V(x) = 4x3%, + 4x3%, = 0.
Hence the solution curves lie on the closed curves
xf + x5 =c?

which encircle the origin. The origin is thus a stable equilibrium point of this system which is
not asymptotically stable. Note that Df (0) = 0 for this example; i.e., Df(0) has two zero
eigenvalues.

Example 15.2. Consider the system

.7-C1 = —ZXZ + Xy2X3
Xy = X1 — X1X3
.7'C3 = X1X>.

The origin is an equilibrium point for this system and

0 -2 0
Df(O)=[1 o 0].
0 0 0

Thus Df(0) has eigenvalues 4, = 0,4, 3 = x2i; i.e., x = 0 is a nonhyperbolic equilibrium
point. So we use Liapunov's method. But how do we find a suitable Liapunov function? A
function of the form

V(x) = c1x% + cyx2 + c3x2

with positive constants c;, ¢, and c; is usually worth a try, at least when the system contains
some linear terms. Computing V (x) = DV (x)f(x), we find
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1.
EV(X) = (c; — ¢y + c3)x1x2%3 + (—2¢1 + ¢3)x1%5.

Hence if ¢, = 2¢; and ¢; = ¢; > 0 we have V(x) > 0 forx # 0 and V(x) = 0 for all x € R3
and therefore by Theorem 3,x = 0 is stable. Furthermore, choosing ¢; = ¢3 = 1 and ¢, = 2,
we see that the trajectories of this system lie on the ellipsoids x? + 2x2 + x5 = c2.

We commented earlier that all sinks are asymptotically stable. However, as the next example
shows, not all asymptotically stable equilibrium points are sinks. (Of course, a hyperbolic
equilibrium point is asymptotically stable iff it is a sink.)

Example 15.3. Consider the following modification of the system in Example 2.

5(1 = —2x2 + XyX3 — X13
Xy =Xy — X1X3 — X3
5(3 = X1Xp — X33

The Liapunov function of Example 2,
V(X) = xi + 2x3 + x3
satisfies V(x) > 0 and
V(x) = —2(x{ +2x5 +x3) <0

for x # 0. Therefore, by Theorem 3, the origin is asymptotically stable, but it is not a sink
since the eigenvalues 4; = 0,4, 3 = £2i do not have negative real part.
Example 4. Consider the second-order differential equation

X+qx)=0

where the continuous function q(x) satisfies xq(x) > 0 for x # 0. This differential equation
can be written as the system

32,'1 = X
X, = —q(x1)

where x; = x. The total energy of the system

2 X1
V(x) =%2+f0 q(s)ds

(which is the sum of the kinetic energy %xlz and the potential energy) serves as a Liapunov
function for this system.
V(x) = q(x)x; + x2[—q(x)] = 0.
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The solution curves are given by V(x) = c; i.e., the energy is constant on the solution curves
or trajectories of this system; and the origin is a stable equilibrium point.

Example 15.4:Consider the system
x =a(t)y + b(®)x(x? +y?)
y = —a(t)x + b(t)y(x? + y?).

where the function a(t) and b(t) are continuous for t >t,. Show that the trivial
solution(0,0) is stable if b(t)< 0 and unstable if b(t)> 0 for t > ¢,.

Solution:
Take V(x,y)= (x? + y?) as a Liapunor function.
Then, L,V = 2b(t)(x? + y?)2.

Thus V is +wvely definite and L,V < 0 if b(t)< 0 and L.V > 0 if b(t)> 0. Hence, by
theorem (15.1), the zero solution is stable if b(t)< 0 and by theorem (15.3), the zero
solution is unstable if b(t)>0.

Example 15.5: Consider the equation for the non-linear oscillator with linear damping
¥+ux+x+ax?+bx3=0

where u, a and b are constantand u > 0.

Solution:

We now introduce the energy of the non-linear oscillator without damping by
N=1,2 41,2 3,174
V(x, x)—Ex +Ex + ax® + be .

We can find a nbd D of (0,0)dependent in size on a and b in which V is +vely
definite. Further more

L,V = xX + xx + ax?x + bx3x% = —ux?.
Application of theorem (15.1) shows that the solution (0,0) is Liapunor stable.
Example 15.6:

(i) Determined the stability of the zero solution of the system x = 2xy + x3,y =
x% —y°,

Hint:V = x? — 2y2, L,V = 2x* + 4y®, unstable.
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(ii)  Determine the stability of the trivial solution of x = xy? — %x3,y = —%y3 +
1.2
~x%y.
Hint: Asymptotically stable, V(xy)= x? + 2y2.

Example-15.7:Determine the stability of the zero solution of the system x; = —x3; x, =
3
X3

Solution:
The origin is equilibrium point of this system

: 3
da_x_ %

dx, X, x3
= x3dx; + x3dx, = 0.
= xf + x5 =c.
Hence V(x)=x{ + x7 is a Liapunor function. In fact V(x)= 4x$x; + 4x3x, = 0.

Hence the solution curves x{ + x5 = c? which encircle of the origin. The origin thus
stable equilibrium point of the system which is not asymptotically stable.

v v v .
Then, LV =—4+—x;+—X%
’ t at+ax—1’ 1+ax—2’ 2

= 4x3x; + 4x3x; + 4x3x, + 4x3x%, = 8x3(—x3) + 8x3(x$) = 0.

Note that Df(0) = 0O for this example i.e., Df(0) has two zero eigen values.
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Exercises:

1. Use the Liapunov function V(x) = x# + x2 + x2 to show that the origin is an

asymptotically stable equilibrium point of the system

—xy — x1%5 + x5 — x3

X = X1 +x3 —x3 :

2 2 5

TX1X3 T X3Xp T XpX3 T X3

Show that the trajectories of the linearized system x = Df(0)x for this problem lie on
circles in planes parallel to the x4, x, plane; hence, the origin is stable, but not

asymptotically stable for the linearized system.

2. It was shown the origin is a center for the linear system

.0 -1

s=]] Tolx
The addition of nonlinear terms to the right-hand side of this linear system changes the
stability of the origin. Use the Liapunov function V(x) = x? + x> to establish the following

results:
(a) The origin is an asymptotically stable equilibrium point of

._[0 -1 —X7 — X1}
X_[l 0]x+[—x§—x2x12 '

(b) The origin is an unstable equilibrium point of

. [0 -1 x3 + x,x3
X_[1 0]X+[x§+x2x2'

(c) The origin is a stable equilibrium point which is not asymptotically stable for

. _ [0 — —X1X2
X = [1 O]X + [ x12 ]
What are the solution curves in this case?

5. Use appropriate Liapunov functions to determine the stability of the equilibrium points of
the following systems:

(a) 5C1 = —X1 +x2 +xle
(@) %, = x1 — %, — x{ — x3
(b) 5C1 = X1 — 3x2 +X13.7Z2 = —X1 +x2 —x22
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UNIT-16

Solutions of nonlinear differential equations by perturbation method: Secular term.
Nonlinear damping.

16.1:Perturbation Method: Secular Term:

One of the important method for solving non-linear differential equation is the
perturbation method. The method is applicable of two equations in which small parameter is
associated with the non-linear terms. In application, we develop the desired quantities in
powers of small parameters multiplied by coefficients which one function of independent
variables; we then determine the coefficients one by one usually by solving a sequence of
linear equations.

Let us consider the differential of the type
X4+x+ufox,t) =00, (16.1)

where f(x,x,t) is a analytic function of x,x,t and periodic in t period of u is a small
parameter. The solution of (5.1) will be sought in the form of a series

x(t) = xo(t) + pxy (8) + wlx, )+ (16.2)

By proceeding in this way we often a series difficulty in the form of series is called
secular term i.e., the term which grows up indefinitely as t — oo and thus destroy the
convergence of the series solution.

As an example of the appearance of the secular term we consider the equation
F+x+ux3=00<pu<1l ... (16.3)

Let the conditions are

x(0) =A4,%(0) =0 .o, (16.4)

Substituting (16.2) in (16.3) and equating the coefficients of the successive powers of
u to zero. We get the following sequence of linear differential equation
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X+ X = —=X3 (16.5)
and the condition (16.4) gives
x0(0) = 4,x;(0) = 0,%,(0) = 0,%,(0) =0 (fori=1,2,...) ..oco...... (16.6)
By virtue of this conditions, the first of equation (16.5) gives
xo = Acost
Hence the second equation of (16.5) becomes
X+ x; = —A3cos3t

1
ie., x| +x, = —ZA3(3COSt + cos3t)

whose solution is
= 3A3t int 1 A3(3cost 3t
X = —gAitsint — o5 (3cost — cos3t)

Here the first term is secular term which contains t. The appearance of secular term in
this case may be explained as follows:

When u = 0, the solution is periodic with periodic 2rr. However due to the presence
of the non-linear term ux3 in equation (16.3), the solution for u # 0 may not be periodic with
the same period. Since the period of generating solution x, = Acost is 2m, the subsequent
term in (16.2) must take care of this variation in the period, this resulting appearance of the
secular terms.

16.2: Application of Perturbation method for Obtaining Periodic Solutions of Some
Non-Linear Differential Equations:

l. Autonomous System:

Consider the differential equation

. . . d .
where u is a non-dimensional parameter assume to be small. We also assume that f(x, ﬁ) is

a polynomial in x and 2—’;. When u = 0, the periodic solution (16.7) is readily obtained as a

linear combination of sent and cost of period 2m. But u # 0, the frequency of periodic
solution becomes unknown; accordingly, we replace the independent variable t by 7 = wt
where w is a unknown frequency of the periodic solution. It is clear that the variable of x is of
period 2m in 7. Putting T = wt in (16.7) we get

w?x + x = pf (x, wx)
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. dx . d%x
where x = — and X = —— .

Let the solution x(7) of (16.8) develop in a power series w.r.t the small parameter g,
the coefficients in the series being periodic function in z. So, we write

x(1) = x0(7) + ux, () + pPx,(T) + . (16.9)

The x;(7), (i = 1,2, ...) be periodic function of 7 of period 2r. It addition, it is also
necessary to develop the unknown quantity w w.r.t u i.e.,

w=wy+pw; +@lw, + (16.10)

We now substitute (16.9) and (16.10) into (16.8) and the equate the coefficients of
like of . Then we obtain the sequence of second order linear differential equations in x;(7)
which also evolve the unknown quantities w;. Since only the periodic solution is under
consideration and origin of t may be chosen arbitrarily x(7) = 0 att = 0. This initial
condition and the condition of periodicity serve to determine the unknown quantities in (16.9)
and (16.10).

Explain the above method in details, we take the differential equation

2
B X =UX3 e, (16.11)

dt?
Putting T = wt, we get
Wi +x=ux3=0 ... (16.12)

Substituting (16.9) and (16.10) into (16.12) we get

(o + pwy + 1P wy + )2 (Fy + pky + 12%, + ) + (o + poy + p2x; + ) +
u(xg + pxy + p?xy +---)3 = 0.

Equating like power of u, we get the following sequence of the linear differential equations:

PO wdio +x9 =0 ... (16.13)

Pl w3k 4 x; = —20ew1Xg — X3 i, (16.14)

U2 wiiy + x, = (—2wow; + W)Xy — 2wow X — 3xFx; .ol (16.15)
and so on.

The initial conditions are given by x(0)=A.x(0) = 0.
Since, x(t+2n) =x(1), 0 x;(t 4+ 2m) = x;(7) oo (16.16)
and x4(0) = A4, x,4.1(0) =0x%,(0) =0,(i=0,1,2,...) ereviriririririiiinnn, (16.17)
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Solving (16.13) we get by using the above condition
xXg =AcostT,wg =1. ... (16.18)
This zero order solution is called governing or generating solution.

Using (16.18), equation (16.14)leads to

¥+ x = (Zwl - %AZ) AcosT =1 A3COS3T .o (16.19)

The first term of right hand side is the secular term and so we must put w; = §A2(if A
=0, then the generating solution and so all other solution are trivial).

By virtue of the condition (16.17), the solution of (16.19) is given by
X, = %A3 — (coST+€0S3T) vvviiiiiiinn. (16.20)
In similar way we obtained

23 3 1
w, = ——A* x, = — A%cost — — A% cos3 T + ——A°cos5T  ............. (16.21)
1024 128 1024

From (16.9), (16.18), (16.20) and (16.21), the solution of (16.11) upto an including
term to the second order of u is given by
1 23 1 3
— o 3 4245 _ 3 _ _ " 225
x(t) = (A 32,uA +1024HA coswt+(32uA 128,11A)cos3wt

+ LyzAScosSwt + -
Togg i ASCOSSWE + e

............................. (16.22)

Also by using (16.10) and the values of w;(i = 0,1, 2, ...) obtained above, the frequency of
w IS

21

— 3.2 _
w—1+8uA 256 H

2% 4« (16.23)

Note:It is to be noted that the frequency of w depends on the amplitude A of the oscillation.

1. Non-Autonomous System:
Consider the differential equation of the form

2
X =P ) (16.24)

dt?

where p is a small parameter and f(x, Z—’;) is a periodic in t with period 2. Toillustrate the

perturbation method for obtaining periodic solution of equation (16.24) we rewrite it as
follows

2
L b x = pf (ot S)where T =1 = 6. oo (16.25)
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Contrary to the autonomous system, through the frequency of the desired periodic
solution is known, the phase angle can not be assigned arbitrarily. Further an unknown phase
angle 6 must be introduced in respect of the initial conditions

xX(D)=0att=0. .o (16.26)

In addition to X, it is also necessary to develop § with respect to u, i.e., we have
x(1) = xo(7) + ux(7) + 12x,(T) + (16.27)

§ =080+ U8 + 128+ (16.28)

Then proceeding analogously as for the autonomous system, we determine the
unknown quantities in the right hand side of (16.27) and (16.28).

As an example consider the Duffing’s equation with a term of dissipation

—+x =,u(—ax—ﬁx3 —ki—’;+ Fcos t) ................... (16.29)

which can be written as

¥+x=pu[—ax—px3—kx+Fcos(t+8)] .occoeirnn... (16.30)
_ . dx . dix
Where‘r—t—S,x—dT andX—de-

Substituting (16.27) and (16.28) into (16.30) and the equating like powers of u, we get,

MOZ .5(:'0 + X9 = O e, (1631)

pliiy +x; = —axg — Bx3 — kxg + Fcos (T+680) wovvvvveineinainnnn, (16.32)
UP: Xy + xy = —axy — 3BxExy —kxX; —F8sin (T +687) .ooooonni... (16.33)
and so on.

The unknown quantities in the above equations are to be determined by thecondition
X (t+2H) = x;,(D)(fori=10,1,2,...) ooiiiiiiiiiiiiia (16.34)

and %,(0) = 0.(Fori = 0,1,2, ) eeeeeeeeeeee e (16.35)
Solving (16.31) with the condition x,(0) = 0, we get
X0(T) = A COST oo (16.36)

Substituting (16.36) into (16.32) we obtained

3 1
B+ x=— (aAO + Z,BA%’ — Fcos 6O> cost + (kA — Fsind,) sint — ZBA% cos 3t
.......................................... (16.37)



Periodicity condition for x; requires that there will be no regular term and therefore
3 3
ald, + Z'BAO — Fcosd, = 0.

and kA, — Fsin8y=0.  wevocv...l (16.38)

The solution of (16.37) is then
x1(t) = Ay cosT + %BA% COS3T it (16.39)

The amplitude A; and phase angle &§;can be obtained by using the periodicity
condition for x,(t) by summarizing the above results, the solution x(t) up to an including
terms of first order in u is found to be

x(t) = (Ao + pAy) cos(t — 8o — pd;) + = puBAT(t — 8 — u6y) ... (16.40)

16.3Use perturbation method to obtained solutions of period 2t and the amplitudefrequency
relations up to including terms of order u? for the following equation

2
ZT; —u(1—x3?) Z—); + x = 0(Vander Pol equation), initial condition for problem (i) and (ii)

are x(0) = a,x(0) = 0.
Solution:
Let T = wt, then the given equation reduces to

w?% —p(1 —xDwx +x=0................... (1)

d%x

where x =Z—: and X =3
Let,  x(1) = x0(7) + px; (0) + pPx,(0) + 13 x3(7) + -+

and w = wy + pw; + pPw, + pdws + -
Substituting this in (1), we get

(wo + pawy + plwy + - ) (Ko + pky + 2% + ) — p(wo + pwy + pPwy + -+ ){1 -
(xg + pxy + p2xy + -+ )Xo + uxy + p?x, + x4 ) + (g + uxy + pxy, + ) =0

Equating like power of u from both sides, we get

1.
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U2 wiiy + x; = (—2wow, + W)Xy — 2wewy X1 + w1 (1 — x3)% — 2woxex1 %o +

Wo (1 = X)Xy 4)
,u3: w%x3 + x3 = —20)00)23.(.2 - ((l)% + 2(1)0(4)2)3.&1 - 2((4)00)3 + 0)10)2)9.5'0
+ (1 - xg)(woxz + (lel + (1)256‘0) — 2x0x1 ((l)oxl + (1)1.7&0) - woxo(szxZ
+ 2x%)

The periodicity and initial conditions for x;(t)(i = 1, 2,...) are
x(t+2m) =x;(0),%,(0) =0 (6)

Solving (2) subject to the periodicity condition x,(t + 2m) = xy(t)and the initial
condition x,(0) = 0, we get x,(7) = acost,w, = 1, where the constant a is to be determine.
The zero order solution x,(7) is a generating solution.

From (3), we have
2 3
X +x1=Zrcosr+a(a7—1)sinr+a7sin31 .................... (7

Here the first and second term on the right hand side of (7) are secular term which
destroyed the convergent of the required solution these we must have a = 0,42 and w; = 0.
Since ay = 0 provides amplitude, we must have a = 2,w; = 0(a = —2 provides no new
information as it gives only a solution of opposite phase. Then the equation (7) reduces to

a3
X1 +x1 = Zsin 37 = 2sin 37.

whose general solution is
. 1.
Xy =ay€oST+ bysint — Zsm 37

Since xy(0) = 0, we have b; = % :

Constant a, is to be determined by using equation (4) by putting x,(t) = 2cost , x; =

3 . 1,
a, cost + 2 SinT —-sin 31,wy = 1, w; = 0, then we have,

Xp+xp = (40)2 + %) coST + 2a,Sint — %cos 37+ 3a;sin37 + %sin 51 .......(8)
Eliminating the secular term by putting

1
W, = =7 and a; = 0, we get

3 . 1. . 3 5 . -
Xy =sintT — ZSlTlB‘L’ and X, + x, = — 5 €os 31+ 2 Sin 57 whose solution is
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) 3
X, =a;cost + b, smr+1—6c0531—%c0551.

Since x,(0) = 0, we haveb, = 0 so that

Xy = ay cosr+1—6c0531—%c0551.

Constant a, is determined from the above equation. From (5) we have,
5&3 + X3 = —2(1)25(.1 - 2(1)3.7.6.'0 + (1 — xg)(xz + (1)256'0) — szxl.?'Cl — X'O(zxoxl + x%)
1( 3 . 9 . : 9 .
=3 (—Zsmr —,sin 3T) + 4w; cosT(1 + 4 cos? 1) (—az sinT — —sin 37 +
25 . 1. . 3 5 1 :
56 Sin 5t +§smr) + 2sint{4cost (az €OST + ;- cos 31— 56 COS ST) + EB sint —

sin 37)?}

1
= 4w3 COST + (Zaz + Z) sint + -

. 1
To determine the secular term all must put w; = 0 and a, = -3
Hence, x, (1) = — L cosT + = cos 31 — —cos 57.
! 8 16 96
Now we have,

3 . 1 . 5 1 3 5
x(‘r)=2cosr+u<zsmr—zsm3r>+u (—§COST+ECOS3T—%COS5T>+“'

and w = 1—%/12 + -+ whent = wt.

16.4 FREE, DAMPED MOTION:

We now consider the effect of the resistance of the medium upon the mass on the spring. Still
assuming that no external forces are present, this is then the case of free, damped motion.
Hence with the damping coefficient a > 0 and F(t) = 0 for all ¢, the basic differential
equation reduces to

d?x
dt?

m<Z+a+kx =0. (16.41)

Dividing through by m and putting k/m = A% and a/m = 2b (for convenience) we have the
differential equation (16.41) in the form

d%x dx 2.

ﬁ+2bd—t+ﬂx—0 (16.42)
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Observe that since a is positive, b is also positive. The auxiliary equation is
r? +2br + 2% = 0. (16.43)

Using the quadratic formula we find that the roots of (16.43) are

—Zbi\/_z—z_‘;b — o _h+ VB A2 (16.44)

Three distinct cases occur, depending upon the nature of these roots, which in turn depends
upon the sign of b? — A2.

Case 1. Damped, Oscillatory Motion. Here we consider the case in which b < A, which
implies that b? — A% < 0. Then the roots (16.44) are the conjugate complex numbers

—b + /22 — b2i and the general solution of Equation (16.42) is thus

X = e‘xz(cl sinW/A2 — b2t + c,cosia/AZ — b2t), (16.45)
where c¢; and c, are arbitrary constants. We may write this in the alternative form
x = ce P cosi{WAZ — b2t + ¢), (16.46)

where ¢ = \/c? + ¢Z > 0 and ¢ is determined by the equations

€1 -
—sinifh,
ct + c?
G
= cosi‘t
ct + c?

The right member of Equation (16.46) consists of two factors,

ce™" and cosi?iéw/ A2 — b2t + qb) :

The factor ce™ is called the damping factor, or time-zarying amplitude. Since ¢ > 0, it is
positive; and since b > 0, it tends to zero monotonically as t — co. In other words, as time
goes on this positive factor becomes smaller and smaller and eventually becomes negligible.
The remaining factor, cosi?@w//lz — b%t + ¢), is, of course, of a periodic, ascillatory character;
indeed it represents a simple harmonic motion. The product of these two factors, which is
precisely the right member of Equation (16.46), therefore represents an oscillatory motion in
which the oscillations become successively smaller and smaller. The oscillations are said to
be "damped out," and the motion is described as damped, oscillatory motion. Of course, the
motion is no longer periodic, but the time interval between two successive (positive)
maximum displacements is still referred to as the period. This is given by
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2m
A2 — b2
The graph of such a motion is shown, in which the damping factor ce to and its negative are

indicated by dashed curves.
The ratio of the amplitude at any time T to that at time

T 2m
,//12 _ b2
one period before T is the constant
( 2mb )
expil|i — ——
V-,

Thus the quantity 2rb /v/22 — b? is the decrease in the logarithm of the amplitude ce~* over
a time interval of one period. It is called the logarithmic decrement.

If we now return to the original notation of the differential equation (16.41), we see from
Equation (16.46) that in terms of the original constants m, a, and k, the general solution of
(16.46) is

— p—l02milt cnaif [ a’
X =ce m cos...( ’m ozt T ¢>. (16.47)

Since b < A is equivalent to a/2m < ,/k/m, we can say that the general solution of (16.41)

is given by (16.47) and that damped, oscillatory motion occurs when a < 2vkm. The
frequency of the oscillations

i i_“_2t+ (16.48)
costf |[——,—t+¢ :

1 |k a?
2w (m 4m?

If damping were not present, a would equal zero and the natural frequency of an undamped

system would be (1/2m)./k/m. Thus the frequency of the oscillations (16.48) in the damped
oscillatory motion (16.47) is less than the natural frequency of the corresponding undamped
system.

Case 2. Critical Damping. This is the case in which b = A, which implies that b?> — A% = 0.
The roots (16.44) are thus both equal to the real negative number —b, and the general
solution of Equation (16.42) is thus
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x = (c; + ct)e Pt (16.49)

The motion is no longer oscillatory; the damping is just great enough to prevent oscillations.
Any slight decrease in the amount of damping, however, will change the situation back to
that of Case 1 and damped oscillatory motion will then occur. Case 2 then is a borderline
case; the motion is said to be critically damped.

From Equation (16.49) we see that

Cq + Czt

limx = lim :
t—ooo t—ooo elr
Hence the mass tends to its equilibrium position as ¢t — co. Depending upon the initial
conditions present, the following possibilities can occur in this motion:

1 The mass neither passes through its equilibrium position nor attains an extremum
(maximum or minimum) displacement from equilibrium for t > 0. It simply
approaches its equilibrium position monotonically as t — co.

2 The mass does not pass through its equilibrium position for t > 0, but its
displacement from equilibrium attains a single extremum for t = T; > 0. After this
extreme displacement occurs, the mass tends to its equilibrium position monotonically
ast — oo,

3 The mass passes through its equilibrium position once at t = T, > 0 and then attains
an extreme displacement at t = T3 > T,, following which it tends to its equilibrium
position monotonically as t — co.

Case 3. Overcritical Damping. Finally, we consider here the case in which b > A,
which implies that b? — 22 > 0. Here the roots (16.41) are the distinct, real negative

numbers

n=-b+ \/m

and

1y = —b —\/b? — 12
The general solution of (16.42) in this case is
x =ce" 1+ certe (16.50)
The damping is now 50 great that no oscillations can occur. Further, we can no longer
say that enery decrease in the amount of damping will result in oscillations, as we
could in Case 2. The motion here is said to be overcritically damped (or simply
overdamped). Equation (16.50) shows us at once that the displacement x approaches
zero as t — oo, As in Case 2 this approach to zero is monotonic for 1 sufficiently
large. Indeed, the three possible motions in Cases 2 and 3 are qualitatively the same.
Thus the three motions illustrated can also serve to illustrate the three types of motion
possible in Case 3.
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Examplel6 .2:

A 32-Ib weight is attached to the lower end of a coil spring suspended from the
ceiling. The weight comes to fest in its equilibrium position, thereby stretching the
spring 2ft.The weight is then pulled down 6 in. below its equilibrium position and
released at t = 0. No external forces are present; but the resistance of the medium in
pounds is numerically equal to 4(dx/dt), where dx/dt is the instantaneous velocity
in feet per second. Determine the resulting motion of the weight on the spring.

Formulation. This is a free, damped motion and Equation (16.41) applies. Since the 32 — 1b

weight stretches the spring 2ft, Hooke's law, F = ks, gives 32 — k(2) and so k = 16lb/ft.
Thus, since m =w/g = z—i =1 (slug), and the damping constant a = 4. Equation (16.41)

becomes

2
4T+ 16x =0 (16.51)

dt?

The initial conditions are

_1
x(0) =3, (16.52)
x (0) =0.
Solution. The auxiliary equation of Equation (16.51) is
r’+4r+16=0 (16.53)

Its roots are the conjugate complex numbers —2 + 2+/3i. Thus the general solution of (16.51)
may be written

x = e~ (¢, sinf2V3t + c,cosi2V3t). (16.54)
where c; and c, are arbitrary constants. Differentiating (16.54) with respect to ¢t we obtain

j—t = e_Zt[(—ch — 2\/§cz)sin§§2\/§t + (2\/§c1 — ZCZ)COSE?\/gt]. (16.55)

Applying the initial conditions (16.53) to Equations (16.54) and (16.55), we obtain

c, =

1

2 )
2v/3c; —2¢, =0.
Thus ¢; = V3/6,c, = % and the solution is
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x = e (Lsini2v3t + 2 cosizy3t) (16.56)

Let us put this in the alternative form We have

£51n'7(2\/_t+ cos"2\/_t =\/_l

— sinf2+v/3t + 7cosif52\/§tl
V3 s
= ?COSHEGZ\/gt - E)
Thus the solution (16.56) may be written

= VB 2t oo gif _z
x=-=e tcos-.__(Z\Et 6). (16.57)

Exercise:

0] Use perturbation method to obtained solutions of period 2w and the
amplitudefrequency relations up to including terms of order u? for the following
equations

(a dtz ,ux— +x=0.
(b)(1+ua)m+x=0.

(¢) S5 — u(1 — x?) = + x = 0(Vander Pol equation), initial condition for
problem (i) and (ii) are x(0) = a,x(0) = 0.
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UNIT-17

Solutions for the equations of motion of a simple pendulum, Duffing and Vanderpol
oscillators.

17.1 Introduction:

At first almost all perturbation methods are based on an assumption that a small
parameter must exist in the equation. This is so called small parameter assumptiongreatly
restrict application of perturbation techniques. On Secondly, the determinationof small
parameter seems to be a special art requiring special techniques. An appropriatechoice of
small parameter leads to ideal result. However an unsuitable choice of smallparameter results
badly. The Homotopy Perturbation method does not depend upona small parameter in the
equation. This method, which is a combination of homotopyand perturbation techniques,
provides us with a convenient way to obtain analytic orapproximate solution to a wide variety
of problems arising in different field. So, this wasintroduced as a powerful tool to solve
various kinds of non-linear problems.

17.2 Regular Perturbation Theory:

Very often, a mathematical problem cannot be solved exactly or, if the exact solution
isavailable it exhibits such an intricate dependency in the parameters that it is hard to useas
such. It may be the case however, that a parameter can be identified, say e,such thatthe
solution is available and reasonably simple for e = 0 . Then one may wonder howthis solution
is altered for non-zero but smalle. Perturbation theory gives a systematicanswer to this
guestion.

Example-17.1: Consider an quadratic equation
x2—B+26)x+2+e=0 (17.1)
when € = 0 then (17.1) reduce to
x2—3x+2=0=>(x—-2)(x—-1)=0 (17.2)

whoee roots are x = 1 and 2. Equation (17.1) is called pertubed equation where as equation
(17.2) is called un-perturbed or reduced equation.
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Stepl: In determining an approximate solution is to assume the form of the expansion.
Let us assume that the roots have expansion in the form

X =Xy +€x; + €2x, + - (17.3)

Here the first term x, is the zeroth-order term, the second term ex; is the first order term and
the third term €2x, as the second order term.
Step2: Substitute equation (17.3) in equation (17.1)

(xo tex; +ex, +)2—B+26)(xg+ex; +)+2+€=0 (17.4)
Step3: Using binomial theorem to expand the first term

(xo + €x1 + €2xy + )% =x§ + 2xo(exy + €2x5 4+ ) + (exy + €%x5 + -+ )2
= x& + 2exgx; + 2€%x9x, + €2x? + 2€3x,x, + €*xt + -
= x& + 2ex9x1 + €2(2xpx; + x2) + -+ (17.5)

Similarly,

(3+26)(xg + €x; + €%x, +-+-) = 3xg + 3ex; +3€%x; + 2€xy + 2€%x, + -+ (17.6)
= 3xy + €(3x; + 2x¢) + €2(3xy + 2x1) + -+~

Substitute equation (17.5)and(17.6) in equation (17.4)
x? + 2exox; + €2(2x0x; + x7) — (3% + €(3x; + 2x0) + €2(3x, + 2x1)) + 2+ € =0
Collect the co-efficient of like powers of € yields,

(x —3x0 +2) + €(2xgx; — 3x; — 2x9 + 1) + €2(2xpx; + x% — 3x, — 2x1) + -+ =0
17.7)

Step4: Equating the co-efficient of each power of € to Zero.
x¢—3xg+2=0 (17.8)
2x0x1 - 3x1 - 2x0 +1=0 (179)
2x9X, +x2 —3x,—2x;, =0 (17.10)
From equation (17.8), x, = 1,2, when x, = 1 equation (17.9) becomes
x1+1:0:>x1:—1
When x, = 1 and x; = —1 equation (17.10) becomes

ZXZ+1—3X'2+2:0
:>XZ—3:0:>X'2:3

When x, = 2, equation (17.9) becomes
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xl—3:0:>X1:3

equation (17.10) = x, +3=0=>x, = -3

Step5: Whenxy, =1,x; = —1and x, = 3

Equt(3)>x=1—€+3€*+ - (17.11)
When xy = 2,x; = 3and x, = —3

Eqc®(3) = x = 2 + 3€ — 3¢€? (17.12)

~ Hence Equ™(17.11) and (17.12) are the approximations for the two roots of (17.1).
Now, to verify this approximation are correct, we compare with the exact solution.

x2—B+20)x+2+e =0

1

= x =§[3+26i\/(3+26)2—4(2+6)
1

= x =§[3+26i\/1+86+462] (17.13)

Using binomial theorem, we have

2)E)
2!
=1+ 4e + 2€? —%(6462 + )

1 1
(1+8e+4€?)z = 1+§(86+462)+ (8€ + 4€%)? + .-

=1+ 4e+ 2e? —8e? + -
=1+4e—6€% + -

Substitute this value in Equ™(17.13), we have

x =%(3+26+1+46—6€2+"')
=2+3€e—3e*+ -

x =%(3+26—1—46+662+"')
=1—€+3e*+ -

Which are same as equation (17.11) and (17.12).

17.3 Singular Perturbation Theory:

It concern the study of problems featuring a parameter for which the solution of the
problem at a limiting value of the parameter are different in character from the limit of the
solution of the general problem. For regular perturbation problems, the solution of the general

144



problem converge to the solution of the limit problem as the parameter approaches the limit
value.

Example-17.2: Consider,
ex?+x+1=0 (17.14)

Since equation (17.14) is a quadratic equation, it has two roots. For e — 0 Equation (17.14)
reduce to

x+1=0 (17.15)

Which is of first order. Thus x is discontinuous at e = 0. Such perturbation are called
singular perturbation problem.

x =2xo+€x; +€2x, + - (17.16)
Putting this value in Equation (17.14)

e(xg+ex;+)+xg+ex;+--+1 =0

= e(xf + 2expx; + ) +xg+exy ++4+1 =0
= exg +2€?xpx + -+ xg+exy ++1 =0
se(xd+x)+x,+1 =0

Equating co-efficient of like power of € gives

x0+1=0
x;+x3=0

When x, = —1,x; = —1 So one of the root is
x=—1—€+-- (17.17)

Thus as expected the above procedure yielded only one root. We investigate the exact
solution i.e. ,

1

x = (-1 V1—4€) (17.18)

Using binomial theorem we have

1—4e = 1—26+@X(—46)2+‘“ (17.19)

=1—2e—2€?+ -

Substituting (17.19) in (17.18)
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—14+1—2e—2€%+ -

x = e =—1—€+-- (17.20)
—1—-1+2e+2e2+- -1
X = e =?+1+E+"' (1721)

Therefore, both of the roots go in powers of e but one starts with e~1. Hence it is not
surprising that the assumed expansion in (17.16) is failed to produce the root (17.21).
consequently one can not determine the second root by a perturbation technique unless its
form is known. In those cases, we recognize that, if the order of the equation is not to be
reduced, the other tends to oo as e — 0 and hence, assume that the leading term has the form

x=2% (17.22)

Where v must be greater than zero and needs to be determined in the course of analysis.
Substitute (17.22) in (17.14)

ey + Py +14+--=0
Since v > 0, th second term is much bigger than 1 . Hence the dominant part of (17.22) is
elmy2 + ey =0 (17.23)
which demands that power of € be the same.
1-2v=—v =>v=1

Forvr=1 =y=0o0r-1.
The first value y = 0, correspond to the first root x = —1 — €. For y = —1, it corresponds to
second root. Thus it follows from (17.22)

-1
x:——'— cee
€

To determine more terms in the expension of second root, we try
x == +xg+ (17.24)

Substitute it in equation (17.14)

-1 2 -1
:>6<—+x0+-~~> ——4+x++1 =0

€ €

-1 2x, -1
s€e|l—+—+x5+ | ——+x+1+- =0

€ € €
= —2x0+x9+1+0() =0

= x, = 1 and equation (17.24) becomes
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1
X=——+1+-
€

Alternatively, once v has been determined. We view (17.22) as a transformation from x to y.
Then putting x = i in (17.14) yields,
yi+y+e=0 (17.25)

Which can be solved to determine both the roots because e does not multiply the highest
order.

17.4 Perturbation Theory For Differential Equation:

Example-17.3 : Consider,

d? d d
S=—eX-1, y0)=0, Z(0)=1 (17.26)

Let us assume the expansion
y(©) = yo(7) + €y1 () + €2y, () + (e?) (17.27)

Sutstitute Equation (17.27) in (17.26)

d*y  dy
P-FGE-F].—O

d2
F(YO(T) + ey1(T) + €2y, (1) + 0(€%))
+6%(y0(r) +ey1 (1) + €2y,(T) + 0(e3)) +1=0

d®yo d’y; dy, 2 d’y, dy
— —+— — 0(3) =0
:>dT2+1+e<dT2+dT tet |\t ot (€?)

Equating the co-efficient of €, it becomes

d? d
>R +1=0, y(0)=0, 0y =1
d%y dy dy
= le +d_t0 =0, yl(O) =0, d_‘rl(o) =0 (1728)
d%y dy dy
= EHT=0, »1(0)=0, F(0)=0

By solving the above equation we will get
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,l.Z

yo(r) =7— 5 (17.29)
2 13

yl(’l') = T+Z (1730)
3 7t

y2(7) =% "7 (17.31)

Putting these values in equation (17.27), we have the solution

72 -2 3 3 74
_._ . v (T T 3
y(©) =1 2+6<2 +6>+6 <6 24>+CQ€)

Example 17.4: We will consider the Lighthill equation
x+en)T+y=0, y1)=1 (17.32)

By the method, we can construct a homotopy which satisfies

(1-p) [EYZ—:— eyodyo] +p[(x+ ey)—+Y] =0, pe€[o0,1] (17.33)
We can obtain a solution of (17.33) in the form

Y (x) = Yo(x) + pYh(x) + p*Yo(x) + - (17.34)

Where Y;(x);i = 0,1,2, ... are functions yet to be determined. By considering only first two
terms of the above equation substitute equation (17.34) into equation (17.33)

dYO le dyo
(1-p) [E(Yo +p%) (d_ + d_) — €Yo

dy, dv,
+p [(x + €Y, + epY;) (— + p—) + (Y, + le)] =0

dx d
dY1 dYO le dyo
= - pfen (G + @) o (G @) - ar
(x + €Y, Y,) o, dh (Y, +pY)| =0
+p[x+60+6p1(dx+pdx)+ 0+p1]—
le dYO dyo
=>€PY1E+(1—P)[EY0d——EJ’oE
+ [( + Y)dY0+Y]+ 2y, (dY+ le)+ 2y, =0
p X EO dx 0 Ep 1 d pd p 1 —
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Now, we get

dYy dyo
EY()E—EY()E— 0 (1735)
dy, dY,
6Y1E+ (X+6YO)E+YO =0 (1736)

The initial approximation Y, (x) or y,(x) can be freely chosen. Here | set
x 1
) =y =-2, Yo(1)=-: (17.37)

So that, the residual of equation (17.32) at x = 0 vanishes. Then substitute equation (17.37)
into equation (17.36),

le X dYO X
Y, — —_el) 222 =
€1 dx +[(x Ee) dx e]
v dy, «x 0
= _ =
it dx €
Y. le X
= —_— =
¢h dx €
= e2Y;dY; = xdx
Integrating both sides, we get
Y2 x?
S>et—=—
€ > +c
= Y2 =x%+2c
Vx? + 2c
= Yl = T
=>eY; =Jx%+ 2c (17.38)
Putting the initial condition V(1) =1-Y, =1+ 5
1
:»6(1 +E) =1+ 2c
=2>1+e=vV1+2c
>1+e2+2e=1+2c
€2 + 2e
= =
‘T2
Now, putting this value in equation (17.38) we get
Vi =VaZ ¥ 2+ €2 (17.39)
Substitute this value in equ™(17.34),
=>YX) =Yy(x) +Yi(x) = i(—x +VxZ + 2¢€ + €2) (17.40)
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Which is the exact solution of eqc®(17.32).

17.5Lindsted-Poincare’ Method:

Let us consider the differential equation

2
S pf() =0 (17.41)

which characterises a conservative system with unknown period T(say), i.e., unknown
frequency Q = 2?" which reduces to w when pu — 0. In order to avoid dealing with unknown

period, we select a variable z(t) which has period 2m. If such a variable is selected, the
system has a period 27 in that variable, but as we had to change the time scale as well, the
frequency not Q. In the new variables (i.e., in the variable z(t) and T = Qt). The equation
(17.41) becomes

i+ wlz+uf(z2)=0 (17.42)
where dot denotes the differentiation w.r.to 7. We put

2(1) = 2z (1) + pzy (1) + p? 2z, (1) + -
AndQ? = g + pag + play + o (17.43)

It is seen that Q% = w? = ayasu — 0. Since in this case we have harmonic
oscillation of period 27 in the new choice of time scale, we have also

f(2) = f(zo + pzy + p?zy + )

2
= @)+ warf (20) + 12 1zaf (20) + 51" (@] + -

Substituting (17.43) and (17.44) into (17.42) and then equating like power of u from both
sides we get, the sequence of linear differential equation

w?Zy + w?zy =0

w?Z + Wiz = —f(29) — a1 2
w?Zy + w?z, = —z.f O — a, 7y — ay 7
2-. 2 _ . . .o
W21 w2z 11 = F(20,21,22, e, Zn) — Q120 — ApZy — = — A1 2.

where F(zy, 2y, Zy, ..., 2, ) is a polynomial in zy, zy, z5, ..., Z,,.

The first equation (17.45) gives z, = acos t(in view of z,(0) = a and 2,(0) = 0),
where a is arbitrary constant. Substituting this in the second equation of (17.45), we get
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w?(Z, +2z1) = —f(acosT) + @ ACOST  .eovvvvriineinnnnnnn, (17.46)

We develop the function f(acos 7) in the Fourier series containing only cosine term

i.e., f(f(acos1) = an(a) cosnt
n=0

= fo(a) + fi(a) cost + an(a) cosnt
n=2

So that the equation (17.46) becomes

w?(Z, + z1) = —fy(a) + {aya — fi(a) cost} — X7, fo(@) cosnt ... (17.47)
Equating the secular term by putting a; = I 16(1“) , we get from (17.47), we have
Z1+z=— ﬁfo (a) — % w o fa(@cosnt Ll (17.48)

Whose solution is

7, =AcosT = — ﬁfo (a) + %Z?{’:z f"(il% , where A is constant of integration.

To simplifying the solution we take A = 0, so that

z1(t) = Acost = — %fo (a) + %Z;’{;z % .................. (17.49)

Replacing z, and z;into the third equation of (17.45) and eliminating the secular
terms we obtained the value of a,. The process is repeated and the sequence z, z4, 2, ..., Zy,
of successive approximation are obtained, but in each of term the singular term (resonance
term) are eliminated, this results in another sequence ay, ay, a5, ..., @, Which is determine the
frequency Q7. Thus we arrive the differential equation

1
+ 0z [@,+1a + by (a) cosT]

) 1 N
Zpy1 ¥ Zpy1 = > [bo (a) + Z b, (a) cosnt
n=2

bi(a)
a

This elimination of the secular terms requires a, . = which results in the

differential equations

Zng1 +Zny1 = ﬁ [bo(a) + X°—, b, (a) cos nt], whose solution is

by, (a) cos nr]

1 (o9}
Zui1 = [bo(@) — Tee, OO (17.50)

As the example, consider the differential equation

F+x+ux3=0
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Taking z,(t) = acos T with w? = 1, @, = 1, we have
. 3 5 1.
Z1tz = (ala—za )cosr—za cos 3t

1
Therefore, z; = 3—2a3 cos 3t

. 3 21 3
When we have, 2, + z, = (aza - —a5) COST — Eas cos 3T — EaS cos 5t

128
21 5 1 5
Therefore, z, = 7o & Cos 3t+ Toos & €S 57.

Similar, from the above results we have the value of x(t)and Q2.

17.6 Application of Lindsted-Poincare’ Method of Obtaining Periodic Solution in the
Neighbourhood of the Centre of Non-Linear Conservative Systems:

Consider the conservative system governed by the differential equation
i+fw)=0 ... (17.51)

where f(u) is in general non-linear function of u. Let u = u, be a centre and as such the
motion represented by (17.51) is oscillatory in the nbd of u = uy and put x = u — u, so that
the equation (17.51) is transformed into

X+flx+uy) (17.52)
Assuming f can be expanded in Taylor’s series we have,

E+ Y X" =0 oo (17.53)

where a,, = % f™(up) and ™ (uy) denotes the n-th derivative w.r.to arguments for the centre
and f(uo) =0, f,(uO) =a > 0.

For small but finite amplitude motion, we introduce a small dimension parameter u
which is of the order of the motion. Hence, we assume that the solution of (17.53) can be
represented by the expansion of the form

x(t; ) = uxy(6) + @lx, () + pB3x5@®) + - (17.54)
Substituting (17.54) in (17.53) and then equating like power of u, we obtain
X+ widx; =0
Xy + wix, = —a,x?

X3 + wdxs = —2a,x1Xx, + azx?



where w? = a4

Let us now introduce a u — independentvariable T by t = wt, where w is a
unspecified function of x. Then assuming expansion of the form

W = wy + pw; + prw, + -
and x(7; ) = ux; (1) + pPxp (1) + pPx3(0) + -

where x4, x5, x3, ... are independent of u, the equation (17.53) gives

dZ
(o + pay + phwy + )% = (uxy + @oxp + @xs + )

+ Z a, ((uxy + ux; + pxs + ---))n = 0.

n=1

Equating like powers of u and taking w? = a;, we get

d2x1+ 0

X ,

dt? !

, (d*x; d?x ,
wj de2 +x1 | = —2wyw;q q72 ayXq

17.7 Problem: Determine a two term of expansion for the frequency-amplitude relationship
for the system generated by the equation

i+ wiu(l+u?)1=0
Solution:

Here u = 0 is the centre. Putting T = wt, the given system reduces to

2
w2%+w§(u—u3+u5+~--)=0 .................... (1)
Assuming expansion of the form
W = wy + Uw; + prw, + -

and x(; ) = puy (7) + pluy (o) + pPus (o) + -

We have from (1),
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2
2__

dt?
+ wf [y + pPup + Pug + ) = (uuy + pPuy + plug + )
+ (uuy + pPup + pPuz + )% — ] =

(wo + pwy + pPwy + )2 —— (uuy + p?up + plug + )

Equating like power of u from both sides we obtained

2 d2u1

. 2., —
He Wy~ F iU = 0 3)
2 2
2. .24 2. _ d?uq
B0~ W)Uz = m200W1 g, 4)
2, 0288 4 2y = —2 duz o 0243 — 2 d’uy 5
K wp 5 WUz = —wi Wow1 —— + WUy WoWz 5 e (%)

Solution of equation (3) is
u; = acos(t+¢€)
where a and € are arbitrary constant. Substituting this in (4) we get,

dzuZ
dt?

2(1)0
+u, = ———acos(t + €)
Wy
To avoid the secular term we must putw; = 0 and the solution of the above equation
becomes
U, = bcos(t +¢€)

Thus the equation (5) reduces to

dZU.3 () d2u1
— .3
dt? Tus = _zw_o dt?
al w5
ZZ[COS3(T+6)+3(T+6)]+2(D— b cos(t + €)
0

= Llatcos3rt o)+ Cat +2a2 +
=2 @ cos (t+¢€) (4a awo)cos(T €)

Eliminating the secular term gives

3
Thus, w = wy — gwoazuz
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Exercises:

Determine a two term of expansion for the frequency-amplitude relationship for the system
generated by the equations

()  d+wiu@+u®) =0
Ans: w = w, —Zwoazuz

(i) u+wiu+au®=0
Ans: w = w, +15—6ou51aa4,u2
(i) d4—u+u*=0

Ans: w? = 2 — 3a’u?

(iv) 1+ wiu+au?i=0

1
ANs: w = w, —Zwoaazuz
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UNIT-18

Bifurcation Theory: Origin of Bifurcation, Bifurcation Value, Normalisation,
Resonance, Stability of a fixed point.

18.1: Introduction:

Bifurcation means a structural change in the orbit of a system. The bifurcation of a
system had been first reported by the French mathematician Henri Poincaré in his work. The
study of bifurcation is concerned with how the structural change occurs when the
parameter(s) are changing. The structural change and the transition behaviour of a system are
the central part of dynamical evolution. The point at which bifurcation occurs is known as the
bifurcation point. The behaviour of fixed point and the nature of trajectories may change
dramatically at bifurcation points. The characters of attractor and repellor are altered, in
general when bifurcation occurs. The diagram of the parameter values versus the fixed points
of the system is known as the bifurcation diagram. This chapter deals with important
bifurcations of one and two-dimensional systems, their mathematical theories, and some
physical applications.

The dynamics of a continuous system x = f(x, u) depends on the parameterueR. It is
often found that u crosses a critical value, the properties of dynamicalevolution, e.g., its
stability, fixed points, periodicity etc. may change. Moreover, acompletely new orbit may be
created. Basically, a structurally unstable system istermed as bifurcation. The bifurcation
diagram is very useful in understanding thedynamical behaviour of a system. Bifurcations
associated with a single parameter arecalled codimension-1 bifurcations. On the other hand,
bifurcations connected withtwo parameters are known as codiemension-2 bifurcations. These
bifurcations givemany interesting dynamics and have a wide range of applications in
biological andphysical sciences. Various bifurcations and their theories are the integral part
ofnonlinear systems. We discuss some important bifurcations in one- and
twodimensionalsystems in the following sections.

In preceding chapters, we have considered equations which contained parameters. For
different value of this parameters, the behaviour of the solutions can be qualitatively
different. Consider for instance the Van der Pol equation
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F+ux?—1x+x=0,u>0.

Ifu = 0, then all solutions are periodic and the origin of the phase-plane is a centre. If
0 < u <1, the origin is an unstable focus and there exists asymptotically stable periodic
solution corresponding with a limit cycle around the origin.

In this chapter we shall discus change of nature of critical points and branching of
solutions when a parameter passes a certain value; all this is called bifurcation theory.

Example -18.1:
Consider the equation
X=ux —x%2 (18.1)

The trivial solution x = 0 is an equilibrium solution of (18.1). Another equilibrium solution
is x = u. This solution coincide if 4 = 0; at the value u = 0 both +ve and — ve values of p,
a non-trivial solution branches off x = 0. In passing the value u = 0 an exchange of stability
of equilibrium solution x = 0 and x = u takes place. This is illustrated in the bifurcation
diagram of (18.1) which gives the equilibrium solution as a function of the bifurcation
parameter u.

N x* ( Fixed point )

Stable

L

Stable
l,[ (Parameter)

5% Unstable

Fig.-18.1 (Bifurcation Diagram)

In the above example we can predict the possibilities of the existence of a branching or
bifurcation point by the implicit function theorem, for the solution of x of the equation

F(u,x) = 0 exists and unique ifg—z + 0.

Regarding critical points of differential equations we consider the equations or system
of equations like

157



F(L,x) =0 oo, (18.2)
with p € R™,x € R™.

We now consider whether a solution (6.1) can bifurcate at certain values of the
parameters u = (W, U, ..., hy ). By translation we can assume without loss of generality that
we study bifurcation of trivial solution x = 0 and so F(y, 0) = 0.

Consider the equation # = F(p,x) with F(,0) = 0 (solution % = 0). The value of the
parameter u = p, is called bifurcation value if there exists a non-trivial solution in each nbd

of (1, 0) in R™ x R,

Example-18.2:
Consider the equation
x=1-2(0+Wx+x2 (18.3)
The equation
1-2(1+wWx+x?=0.

has the unique solution x(p) if —2(1 +w) + 2x # O0i.e.,if x + 1 + p. Equation (6.3) has
the equilibrium solution

x=1+px+2p+p?ifu<—2andp>0.

Bifurcation can take place if

1+pu=1+pt+/2u+p?ie.,if u=0andp=2.
18.2: Normalisation:

Let us consider equations of the form

with A, a constant n X n matrix; f(a?) can be expanded in the homogeneous vector
polynomials which start with degree 2.

Let, f(a'c’) = E(a?) + E(a’c’) + .-, the vector polynomial E(f),m > 2.
Consider the terms of the formx;"%, x;'2, ..., x, ™ where my + m;, + -+ + m, = m.
If A is constant then

fn(A%) = A" £/ (3.
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If, we are introduced in the behaviour of the solution in a nbd of critical points X = 0,
it is useful to introduce mean-identity transformation which simplified the vector function

f (x). Even better, we find smooth transformation which turned equation (18.4) into linear
equation. However linearization by transformation is most case is not possible.

Example-18.3:
Consider the equation
X=Ax+ax®+azx3+- (18.5)
with A # 0,x € R.
We introduce the mean-identity transformation in the form of a series
X=y+ay?+azy i+ (18.6)

where we try to determine the coefficient a,, a3, ... such that the equation for y is Linear. If
we can determine this coefficients, the transformation (18.6) represents a formal expansion
w.r.to y. This may be convergent for y = 0. Substituting (18.6) into (18.5) we get

y(1+ ayy +3azy? + ) =y + (Aa; + ap)y? + (Aas + 2aa; + az)y> + -
or,y =y + (a; — ay)y? + (a3 + 2Aas — 2Aa3)y> + -
For linearization we must have,

ap a% asz

(XZZT,(X3:}\—2+§\.

By this choice of @, and a;, equation (18.5) is normalised to degree 3.

In the dimension of the equation is higher than one, the theory becomes more
complicate. Equations (6.4) in the form

X =A%+ &)+ f3(E) + -
will be transformed by
R=FHRG) e, (18.7)

with ﬁ(i) consisting of a, probably infinite sum of homogeneous vector polynomials
m(ﬁ),m > 2. So we can write transformation of (18.7) as

2=+ h,)+hy () + -

We would like to determine E(f/) such that x = Ay. Substituting (18.7) into (18.4) we get,
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=A

N

y+RG))+f (7 +5GD)
Inversion of (I + Z—g) inanbd of 3 = 0 yields (gives)

—-1-1
I+ah
0y

kX

y:

[A7 + ARG) + £ (5 + hG) )]
We start with removing the quadratic terms in (6.8). Expansion of h and f yields the equation

oh,
ay

Ay — Ah; = f5,(3)

This is the homology equation for h_g Similarity, the terms of degree m vanish, we
have the homology equation

"’;—y:"Ay — ARy, = G ()M =20 e (18.9)

For m > 2, the right hand side g,, (y) can be expanded in terms of the solutions of the
homology equation to degree mf. In considering the solvability of the homology equation

(6.9) we observe that the left hand side is linear in E,: The linear mapping is given by
7 [ a]'_l) - T,
Ly(h) = 3= A7 — Ahy(5)

Carries homogenous vector polynomials even in vector polynomials of the same degree. If

the set of ponnomiaIsZA does not contain zero, ZA is invertible and equation (18.9) can be
solved. For simplicity, we assume that all eigen values A4, 4,, ..., A4,, of the matrix A is in

diagonal form. Written out in components i_im = (ﬁml, ﬁmz, ...,ﬁmn), we have from (18.9)

0 Ohm

j=1 7,

L4y = A, (P) = G, ), (i = 1,2, ., ;;m 2 2). o (18.10)

The termin h,, are all of the form

mi, ,m2

ay; "y, Lyt = ay™

where m = my, m,, ..., m,,, a constant. The eigen value of A are e; and those of EA are y(Me,
with eigen values ¥7_; m; y; — 4,(i = 1,2,...,n). If an eigen values L, is zero, we call thisis
resonance. If there is no resonance, equation (18.10) can be solved and the non-linear terms
in (18.8) can be removed.

We summarise the above results in the following theorem-
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Theorem-18.1: Poincare’ Theorem:

If the matrix A are non-resonant, the equation

=A%+ )+ f5(E) + -

can be transformed into the linear equation 37 = Ay by the transformation
=3 +hy () + hs() + -

18.3: Centre Manifolds:

Consider the equation

X=AZ4FE) oo, (18.11)

where A is constant n X n matrix and has eigen values with non-vanishing real part.

The point % = 0 to the corresponding manifolds of the equation ¥ = A¥. If, one linearization
we find eigen values zero or purely imaginary, bifurcation may arise. To study these
phenomenon, we state the following theorem

Theorem-18.2:

Consider the equation

X = A% + f(X) with % € R and A is constant n X n matrix; % = 0 is belated critical point.

The vector function f(&)isc k =2, if in a nbd of ¥ =0 and limy;_g ||J|‘|(x”)|| 0. The

stable and unstable manifolds of equation y = Ay are E, and E,, the space of eigen vectors
corresponding with eigen values with zero real part is E.. There exists e* stable and unstable
invariant manifolds E, and E, in ¥ = 0. There exists a ¢k~ invariant manifolds W, called

centre manifold which is tangent to E. in X = 0; if k = oo, then W, is in general ¢c™ with
m < oo,

18.4 Bifurcations in One-Dimensional Systems:

The dynamics of a vector field on the real line of a system is very restricted as we
have seen in the preceding chapters. However, the dynamics in one-dimensional systems
depending upon parameters is interesting and have wide applications in science and
engineering. Consider a one-dimensional continuous system

() = f(xu); xu€R (18.12)

depending on the parameter i, where f: R X R — R is a smooth function of x and u. The
equilibrium points of (6.1) are the solutions of the equation

Flow =01 (18.13)
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The Eq. (18.13) clearly indicates that all the equilibrium points of the system (18.12) depend
on the parameter u, and they may change their stabilities as u varies. Thus, bifurcations of a
one-dimensional system are associated with the stabilities of its equilibri um points. Such
bifurcations are known as local bifurcations as they occur in the neighbourhood of the
equilibrium points. Such types of bifurcations are occurred in the population growth model,
outbreak insect population model, chemical kinetics model, bulking of a beam, etc. In the
following subsections, three important bifurcations, namely the saddle-node, pitchfork, and
transcritical bifurcations are discussed in depth for one-dimensional systems.

18.4.1 Saddle-Node Bifurcation:

Consider the one-dimensional system
x()=fle,w)=pu+x% x€R (18.14)

with u as the parameter. Equilibri um points of (6.3) are obtained as

fa,)=0>u+x>=0=>x%=—u (18.15)
(a) : (h) : (¢) .
“'.’w/ \/
Semi-stable | .
e e >0

Depending upon the sign of the parameter i, we have three possibilities. When u < 0,

the system has two fixed points, x;, = i\/—_ﬂ. They merge at x* =0 when =0 and
disappear when u > 0. We shall now analyze the system's behavior under flow consideration
in the real line. The system x = f(x, u) represents a vector field f(x, u) on the real line and
gives the velocity vector x at each position x of the flow. As we discussed earlier, arrows
point to the right direction if x > 0 and to the left if x < 0. So, the flow is to the right
direction when x > 0 and to the left when x < 0. At the points where x = 0, there are no
flows and such point s are called fixedpoints or equilibrium points of the system (18.14). The
graph of the vector filed f(x, u) in the x — x plane represents a parabola, as shown in Fig.

When u < 0, there are two fixed points of the system and are shown in Fig. 6.la.
According to the flow imagination, the figure indicates that the fixed point at x = /—u is
unstable, whereas the fixed point at x = —/—u is stable. From the figure, we also see that
when u approaches to zero from blow, the parabola moves up and the two fixed points move
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toward each other and they merge at x = 0 when u = 0. There are no fixed points of the
system for u > 0, as shown in Fig. 6.1c. This is a very simple system but its dynamics is
highly interesting. The bifurcation in the dynamics occurred at u = 0, since the vector fields
for u < 0 and u > 0 are qualitatively different. The diagram of the parameter u versus the
fixed point x* is known as the bifurcation diagram of the system and the point u = 0 is called
the bifurcation point or the tuming point of the trajectory of the system. The bifurcation
diagram is shown in Fig.

Point of bifurcation

This is an example of a saddle-node bifurcation even though the system is one-
dimensional. Actually, it is a subcritical saddle-node bifurcation, since the fixed points exist
for values of the parameter below the bifurcation point u = 0. Consider another simple one-
dimensional system

x=pu—x% x,u€ER (18.16)

with parameter u. This system can be obtained from (18.14) under the transformation
(x,u) » (—x,—u). So, the qualitative behaviour of the system (18.16) is just as the opposite
of (18.14). Hence the system (18.16) has two equilibrium points x7, = ++/u for u > 0, they
merge at x* = 0 when u = 0 and disappear for u < 0. Thus, the qualitative behaviour of
(18.16) is changing as u passes through the origin. Hence u = 0 is the bifurcation point of
the system (18.16). This is an example of a supercritical saddle-node bifurcation, since the
equilibrium points exist for values of u above the bifurcation pointy = 0. The name 'saddle-
node bifurcation' is not properly given because the actual bifurcation that occurred in this
one-dimensional system is inconsistent with the name "saddle-node." The name is coined in
comparison to the bifurcation pattem in two-dimensional systems in which a saddle and a
node coincide and then disappear as the parameter exceeds the critical value. The saddle-node
bifurcation in a one-dimensional system is connected with appearance and disappearance
(vice versa) of the fixed points of the system as the parameter exceeds the critical value.
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18.4.2 Pitchfork Bifurcation:

We now discuss pitchfork bifurcation in a cne-dimensional system which appears
when the system has symunetry between left and right directions. In such a system, the fixed
points tend to appear and disappear in symmetrical pair. For example, consider the one-
dimensional system

x(t)=f(x,u) =ux—x3 x,u€R (18.17)
Replacing x by —x in (18.17), we get

—x = —ux +x3=—(ux —x3)
>x =pux—x3

Thus the system is invariant under the transformation x = —x. The equilibrium points of the
system are obtained as

fOW=0=2ux—x3=0=x=0+/u

For f(x, ) = ux — x3,

0 d d
%(x,,u) . 3x21£(01.u') = Hl%(i\/ﬁi#) = —20.

(a) i (b) : (¢) 3

Unstable

When u = 0, the system has only one equilibrium point x* = 0 and it is a equilibrium
point in nature, since (0,0) = 0. For u > 0, three equilibrium points occur at x* = 0, ++/u, in
which the equilibrium point origin (x* = 0) is a source (unstable) and the other two
equilibrium points are sink (stable). For u < 0, the system has only one stable equilibrium
point at the origin. The phase diagram in the x — x plane is depicted in Fig.

From the diagram we see that when p increases from negative to zero, the equilibrium
point origin is still stable but much more weakly, because of its nonhyperbolic nature. When
u > 0, the origin becomes unstableequilibrium point and two new stable equilibrium points
appear on either side of the origin located at x = —/u and x = /u. The bifurcation diagram
of the system is shown in Fig. 6.4. From the pitchfork-shape bifurcation diagram, the name
‘pitchfork’ becomes clear. But it is basically a pitchfork trifurcation of the system. The
bifurcation for this vector field is called a supercritical pitchfork bifurcation, in which a stable
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equilibrium bi furcates into two stable equilibria. Transforming (x, u) into (—x, —u), we can
directly obtain another pitchfork bifurcation, the subcritical pitchfork bifurcation, described
by the system

x(t) = ux + x5. (18.18)

Bifurcating Point

_, Stable

This system has three equilibrium points x* = 0, ++/—u for u < 0, in which the equilibrium
point x* = 0 is stable and the other two are unstable. For u > 0, it has only one equilibrium
point x* = 0, which is unstable.

18.4.3 Transcritical Bifurcation:

There are many parameter-dependent physical systems for which an equilibrium point
must exist for all values of a parameter of the system and can never disappear. But it may
change its stability character as the parameter varies. The transcritical bifurcation is one such
type of bifurcation in which the stability characters of the fixed points are changed for
varying values of the parameters. Consider the one-dimensional system

x=f(x,u) =pux —x% x€R (18.19)
with u € R as the parameter. The equilibrium points of this system are obtained as
fa,W)=0=>ux—x2=0=>x=0,pu

Thus the system has two equilibrium points x* = 0, u. We calculate

of > Oaf0 _of _
5 M) = 1= 22,50, 22 (0, 1) = p, == (1, 1) = — 4t
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This shows that for u = 0 the system has only one equilibrium point at x* = 0, which is
nonhyperbolicequilibrium points. For p # 0, it has two distinct equilibrium points x* = 0, u,
in which the equilibrium point origin is a source (unstable) for x4 > 0 and it is a sink (stable)
for u < 0. The other equilibrium point x* = p is unstable if u < 0 and stable for u > 0. The
phase diagrams for the above three cases are shown in Fig.

This type of bifurcation is known as transcritical bifurcation. In this bifurcation, an exchange
of stabilities has taken place between the two fixed points of the system. The bifurcation
diagram is presented in Fig.

N »x* ( Fixed point )
Stable
Stable
T o l,[ (Parameter)
e e .
- A/
e Unstable
Unstable ,"
\ ,’
-
-
,I
-
-~

18.5: Bifurcation of Equilibrium Solutions Hopf Bifurcation:
Consider the equation

X=AWE+FUZE) oo, (18.20)

with X € R™, u-being a parameter in R. We suspend this n-dimensional system in a (n+1)-
dimensional system by adding u as new variable:

X =AWz + f(u3)

B=0. oo, (18.21)

Suppose, now that% - 0,as ||%]| = 0and consider the possibility of bifurcation of

the solutionz = 0. If the matrix A has p-eigen values with zero real parts for a certain value
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of u, equation (18.21) has (p+1)-dimensional centre manifold W,.. We study W., we simplify
the equation by normalisation.

Example-6.4:
Consider the system
x=pux —x3+xy
y=—y+y>—x% (18.22)

We shall consider the bifurcation in a nbd of (0, 0) for small values of |u]|. We write
the system (18.22) as

x=ux—x3+xy
y=-y+y—x
B=0. oo (18.23)

The system, linearized in nbd of (0,0,0) has the eigen values (u,—1,0). So according to
theorem (18.2), there exists a two dimensional centre manifold y = h(x, ).

Differentiating and by using the system (18.23) we find

%(,ux—x3 + xh) = —h + h? — x?
=0
Also a Taylor expansion for h w.r.to x and u gives
h(x, 1) = —x% + -
In the centre manifold, the flow is determined by the equation
= pu—2ud + -
i =0.

The Saddle-Node Bifurcation:

In the centre manifold, the flow is described by 4t =y —u?and i =0. If u <0,
there exists no equilibrium solution. At 4 = 0, two equilibrium solutions branch off, one of

which is stable and the other unstable.
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The Trans-Critical Bifurcation:

The flow is described by the equation 1 = u — u? and i = 0. Apart from (0, 0) there
are always two equilibrium solutions with an change of stability when passing through u = 0.

The Pitch-Fonk Bifurcation:

The flow is described by the equation 12 = ux — u® and i = 0. If u < 0, there is one
equilibrium solution which is stable. If u > 0, there are three equilibrium solutions of which
u = 0 is unstable, the two solutions which have branched off at u = 0 are stable. This is
called pitch-fonk bifurcation and it is supercritical.

On replacing —u3 by + u3, the figure is reflected w.r.to the u-axis in this case the
bifurcation is subcritical.

Bifurcation of Periodic Solution(Hopf-Bifurcation):

Consider the system
X = ux —wy + -
Yy =wx+uy+ -

where w(# 0) is fixed. If u = 0, the eigen values of linear part are purely imaginary.
Normalisation remove all quadratic and a number of cubic terms. To degree three, the normal
form of above equation

u=duu— (0 +c)v +aw?® +vHu—bWw? + v¥)v + -
= (w+cwu+duv + bw? + v>)u + a(u? + v¥)v
In polar co-ordinate the system is
7= (du+ar®)r + -
O=w+cu+br>+- ... (18.24)
At u=0, we have a pitch-fonk bifurcation of amplitude(r) equation which

corresponds with a Hopf-bifurcation for the full system. A periodic solution of (18.24) exists
1

if d # 0,a # 0 with amplitude = (- %)’ |
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Exercises:

1 What do you mean by 'bifurcation’ of a system?

2 Formulate one physical system in which bifurcation occurs for changing values of the
parameter. Draw also bifurcation diagram.

3 Find the critical value of u in which bifurcation occurs for the following systems:
(i)
X =pux +x2, (i) x = 1+ px + x2, (iii) x = ux + x3, (iv) x = pux — x5,
x=x*—u, HER,(V)x=pux+x%—x3+x* (Vi)x = —pyx — pyx?.

4 Determine the bifurcation point (1, x,) for the system x = ux — cx?, (¢ # 0).
Sketch the phase portraits for u < ug and u > py.
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UNIT-19

Bifurcation of equilibrium solutions — the saddle node bifurcation, the pitch-fork bifurcation,
Hopf-bifurcation.

19.1 Introduction:

The dynamics of a continuous system x = f(x, u) depends on the parameterueR. It is
often found that u crosses a critical value, the properties of dynamical evolution, e.g., its
stability, fixed points, periodicity etc. may change. Moreover, a completely new orbit may be
created. Basically, a structurally unstable system is termed as bifurcation. The bifurcation
diagram is very useful in understanding the dynamical behaviour of a system. Bifurcations
associated with a single parameter are called codimension-1 bifurcations. On the other hand,
bifurcations connected with two parameters are known as codiemension-2 bifurcations. These
bifurcations give many interesting dynamics and have a wide range of applications in
biological and physical sciences. Various bifurcations and their theories are the integral part
of nonlinear systems. We discuss some important bifurcations in one- and two dimensional
systems in the following sections.

19.2 Bifurcations in One-Dimensional Systems: A General Theory:

So far we have discussed bifurcations based on the flow of vector fields. We now
derive a general mathematical theory for bifurcations in one-dimensional systems. Consider a
general one-dimensional system

x(t)=f(x,w); xu€R (19.1)

where f:R X R — R is a smooth function. If u, be the bifurcation point and x, be the
corresponding equilibrium point of the system, then x, is nonhyperbolic if

0
L (xo,0) = 0. (19.2)

We first establish the condition for the saddle-node bifurcation.
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19.2.1 Saddle-Node Bifurcation:

We assume that
oL (xo,0) # 0 (19.3)

Then by the implicit function theorem, there exists a unique smooth function u = u(x) with
u(xy) = pyo, in the neighborhood of (x, uy) such that f(x, u(x)) = 0. Differentiating the
equation f(x, u(x)) = 0 with respect to x, we have

0= (o u()) = 5L n()) + 3 o rG) 3 @ (19.4)
Therefore, at (x, 1), We get

of of d
Ir (%0, o) + 9 (%0, o) ﬁ (x9) =0

a
I (X0H0)

> % () = (19.5)

F]

—zaﬂf (x0,t10)
du

= — =
i (xo) 0

Again, differentiating the equation f (x, u(x)) = 0 with respect to x twice, we get

0=Leoue) = S(Lennre) + L))
2 2 2 2
= SECone)) + 2L () E () + 5 e ()

+ 2L (0, u00) S5 ()
(19.6)

Therefore, at (xg, io),

a2 3 d?
7 (o o) + 5E Geo, o) T Gg) = 0. (19.7)

Now, recall the saddle-node bifurcation diagram of the system. In this diagram, the unique
curve x = u? of fixed points, passing through (0,0), lies entirely on only one side of the
bifurcation point u = 0. This will be possible only if

d*u
— %0
dxzi

in the neighborhood of (x, u) = (0,0). Compared to this, we take
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d?u
E (XO) * 0.

Therefore from (19.7), we see that

62

#(xo,llo) * 0. (19.8)
We state the result in the following theorem.

Theorem 19.1 (Saddle-node bifurcation) Suppose the system x(t) = f(x, 1), x,u € R has an
equilibrium point x = x4 at u = p, satisfying the conditions

9]
f(xo;,uo) = 0:%(950,#0) = 0.

af 62f
@(xolﬂo) #* O:W(xolﬂo) * 0,

then the system has a saddle-node bifurcation at (x0, o).
Similarly, one can easily derive the conditions under which the system x(t) = f(x,u),x, u €
R possess transcritical and pitchfork bifurcations. In this book, we only state the following
theorem for these two bifurcations.

Theorem 19.2 (Transcritical and pitchfork bifurcations) Suppose the system x(t) =
f(x, 1), x, u € R has an equilibrium point x = x, at u = y, satisfying the conditions

9
f(x0, 119) = 0,%@0,#0) = 0.

(i If
af 9% f 9?
a(xo.ﬂo) = O.W(xo,.uo) # 0and o O (x0, o) # 0
then the system has a transcritical bifurcation at (x, uo).
(i) If
af 0’ f 9% f 93

f
@(xo.,uo) = O,ﬁ(xo;.uo) = 0;m(xo;.uo) # 0 and ﬁ(xo,#o) * 0,

then the system has a pitchfork bifiurcation at (x, t).
We now derive the nomal forms of these bifurcations in one-dimensional systems. By normal
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form of a system we mean the most simplified mathematical form from which one can easily
understand the type of bifurcations occurred in the system.

(a) Normal form of saddle-node bifurcation:
Suppose the system has an equilibrium point at x = x, for u = u, for which all the saddle-
node bifurcation conditions are satisfied, that is,

 Ceor o) = 0, (o, 119) = 0,5 G, 1) # 0 and £ (o, 1) # 0, (19.9)
Expanding f(x, i) in a Taylor series in the neighborhood of (x, i), we have

= foum
0
= o) G = 30) 2 o) + (= ) S G ) + 57 G = 300?32 )

62 0*
FOx= 30~ 1) 5 (01H0)+Z(H—M0)2%(9€0,H0)+"'

0
(= 0) 2 o) + 57 = 200 2 G ) +

= a(u—uo) +ﬁ(x—xO)2 (19.10)

where a = (xo, Up) and B = (xo, Uo) are nonzero real. The Eq. (19.10) refers to as the

normal form of the saddle-node blfurcatlon. This is a great advantage for determining the
bifurcation which a system undergoes.

(b) Normal form of transcritical bifurcation:

Suppose that the system has an equilibrium point x = x, at u = y, for which the transcritical
bifurcation conditions are satisfied as given in Theorem 19.2( i). Using the Taylor series
expansion of f(x, ) in the neighborhood of (xg, o), we have

x= f(xu
2

1
= f(xo, 1) + (x — xo) of (xo'.uo) + (u— .“0)—f(xo'.uo) + (x — xp)? W(xodlo)
2 2
+(x — x0) (U — o) ox gy (x0, o) + E (1 — po)? %(xo,ﬂo) +

2 1 2
= (x—xp)(u— .Uo) f (xo;.uo) + (x - xo) f — (x0, o) + -

= alx—x))(p— .Uo) + ,B(x —X0)* + (19.11)

where a = % (x0, o) and B = % (x0, 1) are nonzero real. The Eq. (19.11) refers to the
j

normal form of the transcritical bifurcation.
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(c) Normal form of pitchfork bifurcation:

Suppose that the system has an equilibrium point x = x, at u = p,, satisfying all the
pitchfork bifurcation conditions given in Theorem 19.2(ii). We now expand the function
f (x, 1) in the neighborhood of (x, iy) in Taylor series expansion as presented below.

x= f(xu
2

= Froto) + G = x0) L Crosto) + (= o) o) +5 = x0) 5 L o )
2 2
+r = 20) (= )5 g ko) + 5t = 0)? 5.5 G )

1 3 3
+— G (x — X0)3 (Xo'.uo) +5 (x —x0)* (U — o) 557 %2 0t (%0, o)
1 3 62
b (- 2 —uO)Zﬁm,uo) b5 ) 3L ) +
Zf 1 3f
=(x—x)(u-— #o)m(xolﬂo) + g(x — x0)? ﬁ(xo,ﬂo) + -
= a(x — x0) (U — o) + Blx — x0)° + - (19.12)

of the pitchfork bifurcation.
Example 19. 1 Show that the system
x=x(1—-x2)—a(l—-e™P)

undergoes a transcritical bifurcation at x = 0 when the parameters a and b satisfy a certain
relation to be determined.

Solution; Clearly, x = 0 is an equilibrium point of the given system for all values of the
parameters a and b. This indicates that the system will exhibit a transcritital bifurcation. For
small x, the expansion of e ~* gives

2.2
e P =1—bx+ T 0(x?).
Therefore,
x =x(1—-x2)—a(l—-e™)
2.2
=x(1—x?%)— a(bx Y + 0(x3)>

1
=(1—ab)x + Eabzxz. [ Neglecting cube andhigher powers of x]

For transcritical bifurcation at x = 0,1 —ab =0, that is, ab = 1. Hence the system
undergoes a transcritical bifurcation at x = 0 when ab = 1.
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Example 19. 2: Describe the bifurcation of the system x = x3 — 5x? — (u — 8)x + u — 4.
Solution Let f(x, u) = x3 — 5x% — (u — 8)x + u — 4. The equilibrium points are given by

x3-5x2—(u—8)x+u—4=0
Sx-Dx?—4x—u+4)=0

Clearly, x = 1 is a fixed point of the system for all values of u. The other two fixed points
are x; = 2 * +/u, which are real and distinct for 4 > 0. They coincide with the fixed point
x = 2 for u = 0 and vanish when u < 0. Therefore, the system has a saddle-node bifurcation
at x = 2 with u = 0 as the bifurcation point. We can also verify this using Theorem 19. 1.
Take x, = 2 and ug = 0. Now, calculate

of =3x?>—-10x+8 of = +162f =6 10
ax (xl ,Ll) =oX X u, a‘u (x, nu) - X Jaxz (x, ‘Ll) = 0Xx .

We see that

of af 0*f
f(x();,u()) = OJa(xOJ.MO) = Ola(xOJMO) = _1 * Olﬁ(xOlHO) = 2 * O

Therefore, by Theorem 19. 1 the system has a saddle-node bifurcation at (x, io), where
szzand,LlO:O.

Example 19.3: Consider the system % = x3 —u;x,u € R. Does the system has any
bifurcation in neighborhood of its fixed points? Justify.
Solution Here f(x,u) = x3 — u. The fixed points are given by

f,W)=0=>x3—pu=0>=x=u's
Calculate

of

of
5 (o) = 3x%, 50 = ('3, ) = 327,

The qualitative behavior of the system does not change with the variation of the parameter u.
So, bifurcation does not occur in the neighborhood of its fixed points.

19.3 Imperfect Bifurcation:

Consider the system represented by the Eq. (18.3). Suppose this system exhibits a saddle-
node bifurcation at the point (x,u) = (0,0). If we add a quantity € € R in this equation and
then apply Theorem 19.1, we see that the system also has a saddle-node bifurcation at
(x,u) = (0,—¢). Thus an addition of the term ¢ in (18.3) does not change its bifurcation
character. In similar way, addition of the term ex in the Eq. (18.3) will not produce any new
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bifurcation pattern, provided that the parameter u # 0. This bifurcation is structurally stable.
The other two bifurcations, mentioned earlier, are not structurally stable. They can alter under
arbitrarily small perturbations and produce new bifurcations. These bi furcations are called
imperfect bifurcations and the parameter (perturbation quantity) is known as the imperfection
parameter. For example, consider the system

x(t) = & + ux — x? (19.13)

where &, u € R are parameters. If € = 0, it reduces to the system (6.8) and so, it has a
transcritical bifurcation. We shall now analyze the system for € # 0. The equilibrium points
of (19.13) are the solutions of the equation

x=0>s+ux—x>=0

_uEpttde
==

=X

If g < 0, then (19.13) has two distinct equilibrium points

_uEJp*tde
==

X

%

when the parameter u lies in (—oo, —2v/—8) U (2v/—8, ) in which x% is stable and x* is
unstable. These two equilibrium points merge at x* = u/2 when u = +2+/—¢ and disappear
when pu lies in (=2v—¢,2v/—¢). Thus, for € < 0, the transcritical bifurcation for e = 0
perturbs into two saddle-node bifurcations at (—,/—g,—2v—8) and (vV—8,2v—8) with
bifurcation points u = —2v/—8 and u = 2v/—8, respectively.

Again, if £ > 0, then (u? + 4¢) > 0 for all u. Therefore, in this case, the system has two
distinct (nonintersecting) solution curves, one is stable and the other is unstable, and so no
bifurcations will appear as u varies. In conclusion, the addition of small quantity in a system
will change the bifurcation character when the bifurcation pattem is not structurally stable.

19.4 Bifurcations in Two-Dimensional Systems:

Dynamics of two-dimension systems are vast and their qualitative behaviors are
determined by the nature of equilibrium points, periodic orbits, limit cycles, etc. The
parameters and their critical values for bifurcations are highly associated with system's
evolution and have physical significances. The critical parameter value is a deciding factor
for a system undergoing bifurcation solutions. We shall now formulate a simple problem
where the critical value for qualitative change in the system can be obtained very easily.
Consider a circular tube suspended by a string attached to its highest point and carrying a
heavy mass m, which is rotating with an angular velocity w about the vertical axis.
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The angular motion of the mass m is determined by the following equation without taking
into account the damping force,

mab

o, § = (wzcosiﬁ@—a) Sinid,

I
3
Q
S
[\S)
%)
=5
N
(@]
Q O
2
|
3
S
%)
=5
5

where a is the radius of the circular tube and g is the acceleration due to gravity and u =
w?a/g. The right-hand side of the above equation may be denoted by

FO, 1) = %(,ucosii@ — 1)sini.

The equilibrium positions are given by f(6,u) = 0. Thus, there exist two positions of
equilibrium and are given bysinid = 0 = 6 = 0,m, —m according to the problem and
cosif = = = iz.

u ww

If w? < g/a, that is, if u <1, then cosi® >1 and so 8 =0 is the only position of
equilibrium of the system, and it is stable for small 6,

d29_ g . 0
dtz - a( ‘Ll)

wr cos(6)

mg

Any small displacement, say 8 = 6, with 8 = 0 will result in small oscillations about the
lowest point 6 = 0.

As w increases beyond the critical value w, > \/g the equilibrium at 8 = 0 loses its stability

and a new position of equilibrium 8 = cos™!ig/aw?) is created. This is a position of stable
equilibrium. Thus, we see that a bifurcation occurs when the angular velocity w crosses the

critical value w,, = \E thatis, u = 1.
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This simple example illustrates how bifurcation occurs and how the behavior of the system
alters before and after the bifurcating point. In the following subsections, we shall discuss
few common bifurcations that frequently occur in two-dimensional systems, viz., (i) saddle-
node bifurcation, (ii) transcritical bifurcation, (iii) pitchfork bifurcation, (iv) Hopf bifurcation,
and (v) homoclinic and heteroclinic bifurcations.

19.4.1 Saddle-Node Bifurcation:

Consider a parameter-dependent two-dimensional system
x=pu—x%y=—y;u€R (19.14)

The fixed points of the system are the solutions of the equations

¥=0,y=0

NI

NIH

—T

which yield
u—x2=0,y=0.

For u > 0, the Eq(19.14) hes two distinct fixed poimts at (+/u, 0) and (—/u, 0). These two
fixed points merge at the origin (0,0) when u = 0 and they varish when u < 0. This is a
sarre feature as we heve seen in cine-dinensional sadik-node bifuxation. We shall now
deternine the stabilitis of the fixed points. This need to evaluate the Jacohian matrix of the
system for kical stakility behavior and is given by

JCoy) = (—gx —01)

We first consider the case u > 0. Hex the sysken has two fixed points (+/u, 0) and (—+/, 0).
The Jacobian
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Fmoy = (T2 ©)

-1

at the fixed point (+/u, 0) has two eigenvahes (—2+/u) and (—1), which are xal and negative.
Hence the fixed point (+/u,0) is a stable node. Sirnilarly, calculating the eigenvalues of
J(—/u,0) we can show that the fixed pcimt (—/u, 0) is saddle. Consider the second case,
u = 0. Inthas case, the syittem has a single fixed peint (0,0). The Jacoltian matrix at (0,0) is

jon=( °)

with eigenvalues 0, (—1). This indicats that the fixed point (0,0) is semi-stable. For u < 0,
the system has no fixed pcimts.

Thus we see that the system (19.14) has two fixed points, one is a stable node and the other
is a saddle point, when u > 0. As u decreasesi, the saddle and the stable node aprroach each
other. They collide at u = 0 and disappear when u < 0. The phase portaits are shown for
diffexent values of the parameter in Fig.

I A\ | /
/R /} }/ ”a /\
.‘ﬁ/\\}\ l,i:\_ -~ U//// J\ \
. B3 o f BN ' - /:‘
i\\\//// > — ) \ | ]\\\\‘\ /' /\
NN %

/A \H\ ///\

From the phase diagram we see that when the parameter is positive, no matter how small, all

trajectories in the region {(x,y):x > —\/ﬁ} reach steadily at the stable node origin of the
system. As soon as u crosses the origin, an exchenge of stability lakes place and this clearly
indicates in the phase portrait of the system. When u is negative, atl trajectaries eventuatly
excape to infinity. This type of hifuatation is known as saddle-node hifurcation. The mame
"saddle-node" is because its hasic mechanism is the cotlision of two fixed points, viz, a
saddle and a node of the system. Here u = 0 is the bifuzation pcint. The hifurcation diagram
is same as that for the onedimensional system.

19.4.2 Transcritical Bifurcation:
Consider a two-dimensional parametric system expressed by
X =ux —x%y=—y; (19.15)
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with parimeleru € R. This system has always two distinct fixed points (0,0) and (u, 0) for
u # 0. For u = 0, these two fioed poimts merge at (0,0). This is why this bifusation is called
as transcritical hifurcation. The Jacobian matrix of the system (19.15) is given by

fen=(4 EJ-¢ 2)

QIR
S R=| R

At the poimt (0, 0),

jon=(% %)

which has eigenvalues u and (—1). Therefore, the fixed point (0,0) of the system (19.15) is
a stable node if u < 0 and it is a saddle point if © > 0. For u = 0, the fixed point is atmi-
stable. Agrin, at (g, 0),

_(—u 0
The eigenvalues of J(u, 0) are (—u) and (—1), showing that the fixed point (i, 0) is a stable

node if u > 0, and a saddle pcint if u < 0. The phase diagrams for different signs of u are
shown in Fig.

AN/~ I/ - \ X #
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From the diagram, we see that the behaviour of the system changes when the panmekeru
passes through the ofigin. In this stage, the saddle becomes a stablenode and the stable node
becomes a saddle. That is, when u passes through the origin from left, the fixed point origin
changes to a saddle from a stable node and the fixed point (u, 0) changes from a saddle to a
stable node. This type of bifurcation is known as transcritical bifurcation. Here u = 0 is the
bifurcation point. The feature is same as in one-dimensional system where no fixed points are
disappeared.
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19.4.3 Pitchfork Bifurcation;

There are two types of pitchfork bifurcations, namely supercritical and subcritical pitchfork
bifurcations. In the present section, we deal with these two bifurcations scenario, first the
supercritical pitchfork bifurcation and then the subcritical pitchfork bifurcation will be
illustrated.

Consider a two-dimensional system represented by
x=ux —x3,y=—y; (19.16)

where u € R is the parameter. For u < 0, the system (19.16) has only one equilibrium point
at the origin. The Jacobian matrix at this fixed point is given by

o= %)

The eigenvalues of /(0,0) are u, (—1), showing that the fixed point ongin is a stable node.
For u > 0, the system has three fixed points (0,0), (+/# 0), and (—/#, 0). The Jacobian
matrix of (19.16) calculated at these fixed points are given by

J(©0,0) = (4 _01),](\/5,0)=(_§” fl)»](_ﬁ'o)z(_gﬂ —01)

The eigenvalues of J(0,0) are u, (—1), which are opposite in signs. So, the equilibri um point
(0,0) is a saddle for u > 0. Clearly, the eigenvalues of Jacobian matrix show that the other
two fixed points are stable nodes. The phase diagrams for different values of the bifurcation
parameter u are presented in Fig.
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The diagram shows that as soon as the parameter u crosses the bifurcation point origin, the
fixed point origin bifurcates into a saddle point from a stable node. In this situation, it also
gives birth to two stable nodes at the points (v/u, 0) and (—/u, 0). The amplitudes of the
newly created stable nodes grow with the parameter. This type of bifurcation is known as
supercritical pitchfork bifurcation. We shall now discuss the subcritical pitchfork bifurcation.
Consider a parameter-dependent two-dimensional system represented by
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x=ux+x3y=-5 (19.17)

with the parameter u € R. When u < 0, the system (19.17) has three distinctflxed point,
namely (0,0), (+/u,0), and (—+/u, 0). The Jacobians of the system evaluated at these fixed
points are given by

j00 - (b _01),](\/10)—(461 _01)'/(‘\/5'0)“(4(51 —01)

The eigenvalues of J(0,0) are u, (—1), which are of same sign. Thus, the fixed point origin is
a stable node for u < 0. Similarly, calculating the eigenvalues of the other two Jacobian
matrices of the system one can see that the fixed points (++/u, 0) are saddle points. For u >
0, the system has a single fixed point at the origin, which is saddle. If we draw the phase
portrait of the system, then we can see that as soon as the parameter crosses the bifurcation
point u = 0, the stable node at the origin coincides with the sadiles and then bifurcates into a
saddle. This type of bifurcation is known as subcritical pitchfork bifurcation.

19.4.4 Hopf Bifurcation:

So far we have discussed bifurcations of systems with real eigenvalues, either positive
or negative, of the corresponding Jacobian matrix evaluated at the fixed points of the
corresponding system. We shall now discuss a very interesting periodic bifurcation
phenomenon for a two-dimensional system where the eigenvalues are complex. This type of
bifurcating phenomenon in two-dimensional or higher dimensional systems was studied by
the German Scientist EherhardHopf (1902-1983) and it was named Hopf bifurcation due to
the recognition of his work. This type of bifurcation was also recognized by Henri Poincaré
and later by A.D. Andronov in 1930. Hopf bifurcation occurs when a stable equilibrium point
lossesits stability and gives birth to a limit cycle and vice versa. There are two types of Hopf
bifurcations, viz., supercritical and subcritical Hopf bifurcations. When stable limit cycles are
created for an unstable equilibrium point, then the bifurcation is called a supercritical Hopf
bifurcation. In engineering applications point of view, this type of bifurcation is also termed
as soft or safe bifurcation because the amplitude of the limit cycles build up gradually as the
parameter varies from the bifurcation point. On the other hand, when an unstable limit cycle
is created for a stable equilibrium point, then the bifurcation is called a subcritical Hopf
bifurcation. It is also known as a hard bifurcation. In case of subcritical Hopf bifurcation, a
steady state solution could bocome unstable as parameter varies and the nonzero solutions
coukd tend to infinity. We shall now illustrate the supercritical and subcritical Hopf
bifurcations below.

19.4.4.1 Supercritical Hopf Bifurcation:
Consider a two-dimensional system with parameter u € R,

x=ux—y—x(x®+y%),y=x+puy—yx?+y>?). (19.18)
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The system has a unique fixod point at the origin. In polar coordinates, the system can be
written as

F=ur—13,0=1,

which are decoupled, and so easy to analyze. The phase portraits for u < 0 and u > 0 are
shown in Fig.

1)

0.5 10X

M =-0.5 H=0.5

When p < 0, the fixed point origin (r = 0) is a stable spiral and all trajectories are attracted
to it in anti-clockwise direction. For u = 0, the origin is still a stable spiral, though very
weak. For u > 0, the origin is an unstable spiral, and in this case, there is a stable limit cycle
at r = v/u. We are now interested to see how the eigenvalues behave when the parameter is
varying. The Jacobian matrix at the fixed point origin is calculated as

-1
on=(t 3)
which has the eigenvalues (u + i). Thus origin is a stable spiral when u < 0 and an unstable
spiral when u > 0. Therefore as expected the eigenvalues cross the imaginary axis from left
to right as the parameter changes from negative to positive values. Thus we see that a
supercritical Hopf bifurcation occurs when a stable spiral changes into an unstable spiral
surrounded by a limit cycle.

19.4.4.2 Subcritical Hopf Bifurcation:
Consider a two-dimensional system represented by

x=ux —y+x(x?+y?) —x(x? + y?)?

19.19
y=x+uy+y?+y?) —ykx?*+y?)? (19.19)
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where u € R is the parameter. In polar coordinates, the system can be transformed as
F=ur+r3—1560=1.

This system has a unique fixed point at the origin. The phase portraits for u < 0 and u > 0
are presented in Fig.

(a) y

r ¥
o.10}
0.5
o0sh
03 04 06 08 10 w T
04 06 08 1wl sl
-005¢
-10
010}
H=-0.1 -13 H=05

From the phase diagram it is clear that when p > 0, the fixed point origin (r = 0) is a stable
spiral and all trajectories are attracted to it in anti-clockwise direction, and for u < 0, it is an
unstable spiral. The diagram also exhibits that the system has two limits cycles when u < 0,
one of which is stable and other is unstable. For u > 0, it has only a stable limit cycle. All
these cycles can be determined from the equation p + r? —r* = 0. For u < 0, the system
(29.19) has two limit cycles at

and for ¢ > 0, the unique limit cycle occurs at
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2=1+,/1+4u.

r 2

A sketch of 7 versus (ur + r3 — r>) for two different values of u is shown in Fig.

From this figure it is clear that when u < 0, the limit cycle at 72 = H”;Hx is stable, while
the limit cycle at r2 = == is unstable, and for > 0, the limit cycle at r? = *=* g

2
stable.

Theorem 19.3 (Hopf bifurcation) Let (xy,v,) be an equilibrium point of a planer
autonomous system

x=fy,m, y=gxyu

depending on some parameter u € R, and let

of df
| 0x 9 |
ag ag |
ax dy

J =

the Jacobian matrix of the system evaluated at the equilibrium point has purely imaginary
eigenvalues A + () = iw, A — () = —iw; w # 0 at u = py. If

(i) S (Ref@ (i) = > 0 atu = 0,

(i) (fix +9uy) =1+ 0,and

(i) a = —%iOfOI’/liO.

where the constant a is given by

1
a= E(ﬁ‘x + Grxy + fryy +gyyy)

1
+ﬁ{f;€y (f;cx + ]g/y) — Yxy (gxx + gyy) — fxGxx + Eygyy}:

evaluated at the equilibrium point, then a periodic solution bifurcates from the equilibrium
point (xo,yo) into u < py if a(fix +g,) > 0 orinto u > po if a(f, +g,, ) <0 Also, the
equilibrium point is stable for u > pu, (respectively u <y, ) and unstable for u < g
(respectively pu > pq ) if (ﬁzx + guf) < 0 (respectively > 0 ). In both the cases, the periodic
solution is stable (respectively unstable) if the equilibrium point is unstable (respectively
stable) on the side of u = u, for which the periodic solutions exist.

We now illustrate the Hopf bifurcation theorem by considering the well-known van der Pol
oscillator. The equation for van der Pol is given by % + u(x? — 1)x + x = 0,u > 0. Setting
x =y, the equation can be written as
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x=y=f(xyn }
y=—x+upul—-x3y=g(xyun

The system has the equilibrium point (xg,y,) = (0,0), and the corresponding Jacobian
matrix at (0,0) has the eigenvalues

pEtJur—4
/L_,(,u)=f,

which are complex for 0 < u < 2 and real for u > 2. For u = 0, the eigenvalues are purely
imaginary: 1, (u) = i,A_(u) = —i. Now, at the equilibrium point

(i) i(Re@l(u)) =>>0atu=0,
(ii) (fix +9uy) =10, and
(iii) a = —%;tOforu;tO.

Also, at this point, we see that a(f,, + g,,) = —% < 0 for u > 0. So, by Theorem 19. 3, the

system has a periodic solution (limit cycle) for u > 0. The stability of the limit cycle depends
on the sign of (fw +g#q), which is positive (equal to 1) at (0,0). Hence for u > 0 the
equilibrium point origin must be unstable and the limit cycle must be stable.

Exercises:

1. Determine the bifurcation points for the system x = u — Acosi{itx). Sketch the flow in the
(x,u) plane.

2. Draw the bifurcation diagram for the following systems when the parameter u € R varies:
()F=r(u+r),6=-1
(i)r =r(u—r)(u—r2),6 =-1

3. Discuss Hopf bifurcation for the system 7 = r(u —12),0 = —1; u € R.

4. Plot phase portraits and also sketch the bifurcation diagrams for the following systems
x=xy=p—y* ueR
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UNIT-20

Randomness of orbits of a dynamical system: The Lorentz equations, Chaos, Strange
attractors.

20.1 Introduction:

A non-linear system can have a more complicated steady-state behaviour that is not
equilibrium, periodic oscillation, or almost periodic oscillation. Such behaviour is referred to
as chaos. Such of these chaotic motions exhibit randomness, despite the deterministic nature
of the system.

In this chapter we shall sketch a number of complicated phenomena which are tied to
the concept of chaos and strange attractive we shall restrict ourselves to autonomous
differential equation with dimension n> 3.

20.2: The Lorentz Equation:

The Massachusetts Institute of Technology (M.1.T.) Meteorologist Edward Norton
Lorenz (1917-2008) in the year 1963 had derived a three-dimensional system from a
drastically simplified model of convection rolls in atmospheric flow. The simplified model
may be written in normalized form as follows:

x=0(y—x)
Yy=rXx—y—XxZ (20.1)
z=xy—bz

where o,r,b > 0 are all parameters. The system (20.1) has two simple nonlinear terms xz
and xy in the second and third equations, respectively. Lorenz discovered that this simple
looking deterministic system could have extremely erratic or complicated dynamics over a
wide range of parameter values o, r, and b. The solutions oscillate irregularly in a bounded
phase space. When he plotted the trajectories in three dimensions, he discovered a new
concept in the theory of dynamical system. Moreover, unlike stable fixed points or limit
cycle, the strange attractor appeared in the phase space is not a point neither a curve nor a
surface. It is a fractal with fractional dimension between 2 and 3 . We shall study this simple
looking system thoroughly below.

Consider a fluid layer of depth h, confined between two very long, stress-free, rigid and
isothermal, horizontal plates in which the lower plate has a temperature T, and the upper
plate has a temperature T; with T, > T,. Let AT =T, — T; be the temperature difference
between the plates. As long as the control parameter the temperature difference AT is small,
the fluid layer remains static and so it is stable. As AT crosses a critical value, this static fluid
layer becomes unstable and as a result a convection roll appears in the fluid layer. This

187



phenomenon is known as thermal convection. We take the x-axis in the horizontal direction
and the z-axis in the vertical direction. From the symmetry of the problem, all flow variables
are independent of the y-coordinate and the velocity of the fluid in the y-direction is zero.
Under Boussinesq approximations (the effects of temperature is considered only for body
force term in the equation of motion), the governing equations of motions for incompressible
fluid flows viz., the continuity equation, momentum equations, and thermal convection may
be written for usual notations as (Batchelor, Chandrasekhar)

30

10

V-V=0 (20.2)
v 1 p (20.3)
—+V -VYW =——Vp+vV?V ——gz
at ( ) Po P Po g
oT | R
Py WV -V)T =xV*T (20.4)
where p = p(T) is the fluid densily at vemperature T as given by
p(T) = po{l — a(T —Ty)} (20.5)

po = p(Ty) is the fluid density at the reference tempenture Ty, (= u/p) the kinematic
viscosity of the fluid, u heing the coefficiem of dynamic fluid viscosity, a the coefficient of
thermal expansion, x the coefficient of thermal expansion, g the acceleration of gravity
acting in the downward direction, z the wit vector aldng the z axis, v = (u, 0, w) is the fluid
vekcily at some instant ¢ in the convectional mootion, and T = T(x, z, t) is the temperatus of
the fluid at that tirse.
The boundary conditions are prescribed as follows:

T=Tyatz=0andT =T; atz = h.

Consider the perturbed quantities (when convection starts) T',p" and p~ defined as

188



T =Ty(2) + T(x,z1t),p = pp(2) + p'(x,zlt) and p = p, (2) + p(x, z;t).

where T, (2) = Ty — (T, — T;)& is the temperature at the skady state, p, (z) = po{1 —

a(Ty (2) — Ty1)} is the comreipending fluid density, and p, (z) is the comresponding pressure
given by q,/dz = —gp, (z), which is chatined in the conduction stare and by putting y = 0
in the eqution of motion (20.3).

Sulstituting these in the Fq. (20.3)-(20.5), we get

Iy -—wr =L py2pe

ot , h (20.6)

p = —poaT '
We have
6V 1 ’ 2 ’
St (VY =——Vp +vV?V —aT'z (20.7)
The boundary conditions become
T'=0atz=0,h (20.8)
Consider the dimensionless quantities

DX P h ko h2,9 T
= — = — Xk = — = —_— = —_— =
Y TR Tt Tt TP TPt T

where 6° represents the temperature deviation. Then Egs. (20.2),(20.6), and (20.7),
respectively, become (omitting the asterisk (*) for the dimensionless quantities)

V-V =0
U L (V- V)V = ——Vp +0V2Y — oROZ
p T == Vp 4oV (20.9)

S+ (V)6 =720

where o = v/k is the Prandtl number measuring the ratio of fluid kinematic viscosity and the
thermal diffusivity and R = ag(T, — T;)h3/vk is the Rayleigh number characterizing
basically the ratio of temperature gradient and the product of the kinematic fluid viscosity and
the thermal diffusivity. Again, the boundary conditions become

9=0atz=0,1. (20.10)

This is known as Rayleigh-Benard convection in the literature. Let ¥ = y(x,z,t) be the
steam function which is a scalar function representing a curve in the fluid medium in which
tangent at each point gives velocity vector and satisfying the following relations for two-
dimensional flow consideration
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u=-2 =2 (20.11)

az’ " ax’

Then the continuity equation is automatically satisfied. Also, in this case, the vorticity vector
has only one nonzero component w in the y-direction expressed by

=2 v gy (20.12)

T 9z dx dz2 dx2

Taking curl of the 2"'Eq. of (20.9) and then projecting the modified equation in the y-
direction, we have

4+ (L Vo =0V — oR> (20.13)
But,
v.v B ow N ow
K-V =u 0x w 0z
0Y dw N oY dw
0z O0x 0x 0z
_ 0@ )
d(x,2)
=J(w,¥)

Similarly, (. ,V)8 = J(6,y). Therefore, the Egs. (20.9) and (20.13), respectively, reduce to

Z+](0.9) —w =120

(20.14)
) = oV2w —gR%
at+](a),1/))—0V w aRax
where
W= _Vzl/)_ (2015)

We assumed that the boundaries z = 0,1 are stress-free, an idealized boundary conditions. So
we have other boundary conditions as given by

92y

We shall now convert the above set PDEs (20.14) into ODEs using Galerkin expansion of y
and 6. Let the Galerkin expansions of ¥ and 8 satisfying the boundary conditions be

Y(x, z,t) = A(t)sinirz)siniCkx).

0(x, z,t) = B(t)sini{irz)cosifkx) — C(t)sin(2nz). (20.17)

where k is the wave number and A(t), B(t), and C(t) are some functions of time t. Then
w ==V = (1% + k)Y, Vo = =V* = —(n? + k*)*y and J (w, ) = 0.
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Therefore, the 2"Eq. of (20.14) gives
(m? + k?) Esinii@rz)sini{ékx) = KkRoB(t)sini{nz)sini{kx)
—o(m? + k?)2A(t)sinffinz)siniifkx).
This is true for all values of x and z. Therefore, we must have

dA

(% + kz)g = kRoB(t) — o(m? + k?)?A(t)
4 _ _kko g 2 4 124 (20.18)
= BO 0@ + kDA
Similarly, from the Eq. (20.13), we get
B — kA(t) — (% + k2)B(t) — kAt C (D)
dt
dc (20.19)
— = —A(t)B(t) — 4m%C(t)
dt ~ 2
Rescale the variables t, A(t), B(t), and C(t) as follows:
k/k
— 2 2 — ¢
T =@+ k)t X(1) = T (k/kc)zA(t)'
(k/k)*R V2(k/k)*R
'O =iag+ ko PO MO = e ko ¢
where k, = % is the wave number corresponding to the convection threshold. Substituting

these in the Egs. (20.18)-(20.19), we finally obtain the Lorenz equations as

dx _ _ \

dr _O-(Y X) |

L =rX—Y-XZ $ (20.20)
|

d — J—

S=xy-bz |

where r = R/R, is known as the reduced Rayleigh number, b = 8/(2 + (k/k.)?), and
R. = (m? + k?)3/k?. Using the wave number corresponding to the convection threshold,
that is, using k = k., we get R, = 27n*/4 and b = 8/3. The system (6.54) is an autonomous
system of dimension three. The system, although looks very simple, is very complicated to
solve analytically, because the system represents a set of nonlinear equations in R3 with the
nonlinear terms XZ and XY in the
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In considering the phenomenon of connective in the atmosphere of the earth by hitting
from below and cooling from above, Lorentz derived the following system of non-linear
equations;-

x=0(y—x),
V=TX—Y —=XZ,  eveerenrnnnnnn. (20.21)
Z=xy—bz

In which o,r and b are the parameters in the sequel, we shall taken-

8 . .
o=10,b = 3 and r can taken varies +ve values. First we taken r = 28 and connect a

numerical approximation of a solution which start in a nbd of the unstable equilibrium
solution; If starts in E,,, 20 that the orbits follows the unstable manifold W/, .

From the above orbit diagram for Lorenz system, the following qualitative features can be
drawn:

(a) The orbit is not closed;

(b) The orbit diagram or the set of trajectories do not depict a transition stage but a well-
organized regular structure;

(c) The orbit describes a number of loops on the left and on the right without any regularity in
he number of loops and the loops on both sides are in opposite directions of rotations;

(d) The number of loops on the left and on the right depends in a very sensitive way on the
infinitesimal change of initial conditions. Transient solution does not exhibit any periodic
pattern.

(e) This is an attracting set with a dimension greater than two and was named “strange
attractor” by Ruelle and Takens.

A number of characteristic of the Lorentz equations easily derived. We discuss them briefly.
For this we need the following lemma which we state without proof.
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Lemma 20.1:

Consider the equation X = f(a?) in R™ and a domain D(0) in R™ which is supposed to
have a value v(0). The flow defines a mapping g of D(0) in R", g:R™ - R",D(t) =
g*D(0). For the value v(t) of the domain D(t), we have

o = D(O)V f dv.

dv
dt

The characteristic are
(N The equation (20.21) have the following reflect symmetry:

If replace x,y, zby —x, —y, +z then the equations have the same form. It follows that each
solution x(t),y(t), z(t) has a symmetric counterpart (—x(t), —y(t), +z(t)) which is also a
solution.

(i) z-axis of the Lorenz system is invariant.
If we initially take x = y = 0 in the Lorenz system (20.21), we see that x = y = 0 for all
future time t. In this case, the system gives

z=—bz=z(t) =2z(0)e™® > 0ast - oo,

Therefore the z-axis, that is, x = y = 0 is an invariant set and all solutions starting on the z-
axis will tend to the origin (0,0,0) as t — oo.

(iii) Lorenz system is dissipative in nature.

In the dissipative system, the volume occupied in the phase space decreases as the system
evolves in time. Let V(t) be an arbitrary volume enclosed by a closed surface S(t) in the
phase space and let S(t) changes to S(t + dt) in the time interval dt. Let i be the outward
drawn unit normal to the surface S. f is the velocity of any point, then the dot product (f -1

is the outward normal component of velocity.
Therefore, in time dt, a small elementary area dA sweeps out a volume (f - )dAdt.

Therefore, V(t + dt) = V(t) + (volume swept out by small area of surface which is
integrated over all such elementary areas).
Hence we get

V(t+de) = V() + ﬂ (f - A)dAdt
S

= Vet d;g — Ve = jfs (f -n)dA = j (V- f)dV|[ Divergence Theorem]
: dv
V(O == fv (v-f)av (20.22)

So for the Lorenz system, we have
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0 9] 9] b
v-f —a—x(a(y—x))+@(rx—y—xz)+£(xy— Z)

= —(0 +1+b).

Therefore, from (20.22)
I'/=f —(c+1+b)dV=—(c+1+b)V
14

which gives the solution V (t) = V(0)e~(1+2+0)t 7(0) being the initial volume. This implies
that the volumes in the phase space decreases (shrink) exponentially fast and finally reaches
an attracting set of zero volume. Hence, Lorenz system is dissipative in nature.
(iv) Lorenz system shows a pitchfork bifurcation at origin when r — 1.
The fixed points of the Lorenz system are obtained by solving the equations

o(y—x)=0,rx—y—xz=0,xy—bz=0.
These give
x=y=z=0andx=y=+,/b(r—1),z=(r—-1).

Clearly, the origin (0,0,0) is a fixed point for all values of the parameters. The system has
another two fixed points for r > 1, which are given by

x*=y*=+/b(r—1),z"=(r—-1).

Lorenz called these fixed points as

ct = (/b(r—1),{/b(r—-1),(r — 1)) and
¢” = (—/b(r—1),—/b(r—1),(r—1).

Clearly, these two fixed points are symmetric in x and y coordinates. As r — 1, they coincide
with the fixed point origin, which gives a pitchfork bifurcation of the system. The fixed point
origin is the bifurcating point. It is impossible for the Lorenz system to have either repelling
fixed points or repelling closed orbits.

(v) Linear stability analysis of the Lorenz system about the fixed point origin The linearized
form of the Lorerz system about the fixed point origin is given by

x=0(y—x)
y=ri—y
z = —bz

Now, the z-equation is decoupled so it gives
2=—bz=z(t) =2z(0)e ™ > 0ast - o,
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The other two equations can be written as

X —0 0\ (X

(}'/) h ( T 1) (y)
Hence sum of the diagonal elements of the matrix, t=-0—-1=—(oc+1) <0 and its
determinant A = (—=0)(=1)—or =0d(1 —r). If r > 1, then A < 0 and so the fixed point
origin is a saddle. Since the system is three dimensional, a new type of saddle is created. This
saddle has one outgoing and two incoming directions. If r < 1, then A > 0 and all directions
are incoming and the fixed point origin is a sink (stable node).

(vi) The fuxed point origin of the Lorenz system is globally stable for 0 <r < 1.
Let us consider the Lyapunov function for the Lorenz system as

52
V(x,y,z) = —+ y? + z2.

Then the directional derivative or orbital derivative is given by

2xx ] ]
= T + 2yy + 222

U
N < <

_xa’c_l_ )+ 72

=—_tyytzz
=x(y—x)+y(rx—y—xz)+z(xy — bz)
= —x?+ (1 +7r)xy —y* — bz*

14+7r 1+7r\2 1+7r\2
— |42 — 2 2 2 2
IX 2x(2>x3’+(2)yl+(2)y y*—bz
14+7r 2 1 1+7r\2 2 _ g2
_[X_(2>y]__(2)y_z'

Thus we see that V < 0 if r < 1 for all (x,y,z) # (0,0,0) and V = 0 iff (x,y,z) = (0,0,0).
Therefore, according to Lyapunov stability theorem, the fixed point origin of the Lorenz
system is globally stable if the parameter r < 1.

(vii) Linear stability at the fixed points c*.

Eigenvalues of the Jacobian matrix at the critical points cfof the Lorenz system satisfy the
equation

AB+(@+b+ DA% +b(c+71)A+20b(r—1) =0.

For 1 < r < ry, the three roots of the above cubic equation have all negative real parts,
where

_0@B+b+o)
[ —

If r = ry, two of the eigenvalues are purely imaginary, and so Hopf bifurcation occurs. This
bifurcation turns out to be subcritical for r < ry, where two unstable periodic solutions exist
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for two critical values of fixed points. At r = ry these periodic solutions disappeared. For
r > ry each of the two critical points have one negative real eigenvalue and two eigenvalues
with positive real part, gives the unstable solution.

(viii) Boundedness of solutions in the Lorenz system:
There is a solid ellipsoid E given by

rx’+oy’+o0(z—2r)?<c<ow

such that all solutions of the Lorenz system enter E within finite time and therefore remain in
E.
To prove it we take

o(x,y,z) =1’ + oy’ +o(z—-2r) =c.

We shall show that there exists ¢ = c,, such that for all ¢ > ¢, the trajectory is directed
toward to the ellipsoid E at any point on the E. We have

., <~ Vo - 1 arp.+6<p.+6<p.
Mo T Vel T el lax ¥ T ay”

6ZZ

1

= W [2rxo(y — x) + 20y(rx — y — xz) + 20(z — 2r)(xy — bz)]
20 242 2 2

=—W[rx +y“+b(z—r)"—br<] <0

So, the trajectory is directed inward to E if (x, y, z) lies inside of the ellipsoid
D=a?+y?+b(z—1)*=brl
Now, for the ellipsoid D we have

x2 y2 (Z _r)Z B

oy b

whose center is (0,0,7) and the length of the semi-axes are vbr,rvVb,r respectively.
Similarly, the center of the ellipsoid E = 1% + ay? + o(z — 2r)? = ¢ is (0,0,2r) and the
length of semi-axes are /c/r,/c/a, and /c/a, respectively. Since the x and y coordinates

of the centers of both the ellipsoids are 0,0 respectively, the extent of the ellipsoid E in the x
and y directions exceed the extent of the ellipsoid D in the same direction if

Je/r>Vbr; Jcjo > Vb

that is, ¢ > br?;c > bor?.
Next, along the z-axis the ellipsoid D is contained

O=r—-r<z<r+r=2r
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while for the ellipsoid E,

2r —JcJo<z<2r+,/c/o.

But 2r < 2r + /c/o for all c. So, the lowest point (0,0,0) of the ellipsoid D lies above the
lowest point (0,0,2r — ,/c /o) of the ellipsoid E if2r — \/c/o < 0, that is, ¢ > 4r20.

Let ¢ = ¢, = max{br?, bor?,4r?c}. Then the ellipsoid D lies entirely within the ellipsoid
E,. Hence for any point (x,y, z) exterior to D, the trajectory is directed inward E. All such
trajectories must enter E,, after some finite time and remain inside as 7@, - 1, can never be

positive (Fig. 6.21).

20.3: A Mapping of R into R as a Dynamical System:

We now proceed to consider the dynamical behaviour of the mapping. For examples,
in mathematical biology, suppose the number of individuals of population with species at
time tis N.(N, = 0). After one unit of time this number is

Niwr = FIND oo, (20.23)

where f is determined by the birth and death process. We expect that f(0) = 0, N,,; > N,. If
N, is small then N,,; < N,.

If the number is large because natural bounds of the amount of available space and
food. A simple model is given by the logistic equation

Nt+1 - Nt + T'Nt - %Ntz ........................... (20-24)

where r is the growth coefficient and k is the +wve constant.

TNt
k(1+r)

Let, x, = anda=((1+r)

Then the equations (20.24) becomes
Xt+1 - ClXt(l - Xt) ....................... (2025)

We choose x € [0,1]. If x is given, then (20.25) gives the value of x; for t = 1; substituting
again produces x, for t = 2 and so on.

Definition-1: Let M be the smooth manifold; the ¢'-mapping ¢: R x M — M is a dynamical
system for all x € M if

M) 90x)=x
(i) ot oty x) = @t + ty,x).
For continuous system t, t, € R and for discrete system t, t, € Z.
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In the continuous system the mapping ¢ is called a flow on M c R™ generated by the
autonomous initial value problem x = (%), %(t,) = %, is also a dynamical system.

Returning to equation (20.23) we note that f(N,) may have the fixed point N, (say)
so that f(N,) = N, which is called a periodic solution on a periodic point of f. It is also
possible that after applying the mapping k-times, we are returning in N, so that f*(N,) =
Np.

Definition-2:Let x, be the fixed point of f. Then x, is asymptotically stable if there exists a
nbd U of such that lim,,_. f™(x) = x,, for all x € U. The point x, is an asymptotically
stable periodic point of f with periodic k if x, is an asymptotically stable fixed point of f*.

Definition-3:The domain of attraction of an asymptotically stable point x, with period kis
the set of points which converge to x, by iteration of the mapping. The set {f* (x,)}7_, is
called the orbit of x.

Definition-4:A point x, is called a periodic point of the mapping f if the orbit of x, is
bounded and x,, k € N exists such that lim,_. f™**(x,) exists. In this case fis called
chaotic.

20.4 Strange Attractors:

For certain values of parameterso, r and b the system

xX=o0(y—x)

Yy=rx—y—Xxz
Z=xy— bz

has a strong attraction set. The attractor A of this system is made up of an infinite number of
branched surfaces which are interleaved and which intersect, however the trajectories of this
system in A do not intersect but move from one branched surface to another as they circulate
through the apparent branch. The closed invariant set A contains

(1 A countable set of periodic orbits of arbitrarily large period

(i) An uncountable set of non-periodic motions

(i) A dense orbit, the attracting set A having the properties is referred to as a strange
attractor.

20.5 Chaos:

In the development of science in the twentieth century, philosophers and scientists convinced
that there could be a motion even for a simple system which is erratic in nature, not simply
periodic or quasiperiodic. Moreover, the behaviors of the motion may be unpredictable and
therefore long-range prediction is impossible. The science of unpredictability has immense
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interest. The debate on the cause of unpredictability is continuing over centuries. The great
physicist Albert Einstein wrote a letter to Max Born regarding unpredictability in the cosmos.
He wrote: "You believe in the God who plays dice, and | in complete law and order.” In fact,
nothing in the universe behaves in a way that is predictable totally forever. The perceptions of
the infinite, infimum, and their connections with finite are a matter of great concern in
science and philosophy. Even there is a order in unpredictable motions. But how order and
chaos coexist. What are the laws underlying in chaotic motion? With the advancement of
science and computing power it is believed that a simple deterministic system can have very
complicated dynamics which is inherently present in the system itself. On the other hand, for
an infinitesimal change in system's initial setup the dynamics as a whole may completely
change. While studying the unpredictable behaviors of a system, the American
mathematician James Alan Yorke had introduced the term 'Chaos' for random looking
dynamics of simple deterministic systems. In Greek mythology, 'Chaos' is defined as an
infinite formless structure. However, the precise definition of chaos either literarily or
mathematically is lacking behind till date because of its multi-length scales motions with
formless structures at infinitum. The appearance of chaotic motion has no definite routes. In
this book we shall present a basic understanding of what chaos is and its mathematical theory
under some assumptions. In mathematical framework chaos is a phenomenon exhibiting
"sensitive dependence on infinitesimally different initial set-ups"” and topologically "mixing".
The chaotic orbits are generally aperiodic and named as "strange” by Rulle and Takens in
1971 that have fractional dimensions, a new discovery in the twentieth century's nonlinear
science. There are connections with chaos and fractal objects. Nonlinearity and
dimensionality (= 3) are the key requirements for chaos in continuous systems while in
discrete systems, even a one-dimensional linear system may exhibit chaotic motion provided
the system has lack of differentiability. Chaotic phenomena abound in Nature and in
manmade devices.

The perception of unpredictable behavior in deterministic systems had been conceived and
reported in the works of theFrench mathematician Henri Poincare. George David Birkhoff,
A.M. Lyapunov, M.L. Cartwright, J.E. Littlewood, Andrey Kolmogorov, Stephen Smale, and
coresearchers were noteworthy workers at the early stage of developments in chaos theory,
particularly for mathematical foundation of chaos. The chaotic motion in atmospheric flows
was first described by the American meteorologist, Edward Lorenz in the year 1963 from
numerical experiments on convective patterns for a very simplified model. He found that the
solutions never settled down to fixed points or periodic orbits of this simple system.
Trajectories oscillate in an irregular, nonperiodic pattern with completely different behaviors
for infinitesimal small change of initial conditions. The solution structure when plotted in
three-dimensional Eucledian space resembles as a surface of two wings of a butterfly. Lorenz
pointed out that the solution set contained an infinite number of sheets, known as strange
attractor with fractional dimension. The sensitive dependence of dynamical evolution for
infinitesimal change of initial conditions is called the butterfly effect. In 1972, Lorenz talked
on the butterfly effect in the American Association for the Scientific Progress and questioned:
"Does the flap of a butterfly's wings in Brazil set off a tornado in Texas?" He claimed that it
was difficult to predict the long-range climate conditions correctly. The unpredictability is
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inherently present in the atmospheric flow itself. Therefore, the long-range prediction would
be uncertain.

Quantifying chaos is a central issue for understanding chaotic phenomena. Experimental
evidence and theoretical studies predict some qualitative and quantitative measures for
quantifying chaos. In this chapter we discuss some measures such as universal sequence (U-
sequence), Lyapunov exponent, renormalization group theory, invariant measure, etc., for
quantifying chaotic motions. On the other hand, there are some universal numbers applicable
for particular class of systems, for example, the Feigenbaum number, Golden mean, etc. The
universality is an important feature in chaotic dynamics.

Chaotic nonlinear dynamics is a rapidly expanding field and has now been proved to have
potential applications in many manmade devices, social sciences, chemical and biological
processes, and computer science. The unexpected fluctuations in sudden occurrence of
diseases may be explained with the help of chaos theory. Chaos theory is much helpful in
designing true economic and monetary modeling in resource distribution, financial and
policy-making decisions. Chaos synchronization theory has been used nowadays for sending
secret messages and also in other areas.

20.5 Mathematical Theory of Chaos:

Chaos is ubiquitous. Chaotic motions are unpredictable. Philosophers and scientists are trying
to understand logically how unpredictability occurs. How it can be expressed in mathematical
setup. The unpredictability in chaos and its mathematical foundation are still not well
established. The simple looking phenomenon such as the smoke column rising in still air
from a cigarette, the oscillations and their patterns in the smoke column are so complicated to
defy understanding. Similarly, the weather forecasting and the world stock market prices are
the systems that fluctuate with time in a random, irregular ways that the long-term predictions
do not often match with reality. Chaos is a deterministically unpredictable phenomenon. In
the evolution of chaotic orbit there are trajectories which do not settle down to fixed points or
periodic orbits or quasiperiodic orbits as time tends to infinity. Even a deterministic system
has no random or noisy inputs; an irregular behaviour may appear due to presence of
nonlinearity, dimensionality, or non-differentiability of the system. Although the time
evolution obeys strict deterministic laws, the system seems to behave according to its own
free will. The mathematical definition of chaos introduces two notions, viz., the topological
transitive property implying the mixing and the metrical property measuring the distance.
Chaotic orbit may be expressed by fractals. Before defining chaos under the mathematical
framework we discuss some preliminary concepts and definitions of topological and metric
spaces which are essential for chaos theory.

Exercises:
1. State the characteristics of Lorentz equations.

2. Write down the short note of i) Chaos and ii)Strange attractors .
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